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PHUONG PHAP d6n BIEN 

Phan Thanh Viet 


Noi dung: 

1. Gidi thieu. 

2. BDT 3 bien vdi ctfc tri dat difdc doi xufng. 

3. Don bien bang k! thuat ham so - . 

4. BDT 3 bien vdi ctfc tri dat dtfdc tai bien. 

5. BDT 4 bien. 

6. Don bien bang ham loi. 

7. Don bien ve gia tri trung binh. 

8. Dinh ly don bien tong quat. 

9. Nhin lai. 

10. Bai tap. 


1. Gi6i thieu. 

Cac ban than men, rat nhieu trong so" cac BDT ma ta da gap co dau 
dang thufc khi cac bien so bang nhau. Mot vi du kinh dien la 

Vi du 1 : (BDT Cauchy) Cho x, y, z > 0 thi x + y + z > 3^/xyz. 

Co the noi so litqng BDT nhtf vay nhieu den n6i nhieu ban se thay 
dieu do la ... hien nhien. Tat nhien, khong han nhtf vay. Tuy nhien, trong 
trtfdng hdp dang thdc khong xay ra khi tat ca cac bien bang nhau thi ta 
lai rat thtfcfng rOi vao mot trtfcing hdp khac, tong quat hdn: do la co mot so 
(thay vi tat ca) cac bien bang nhau. G day chung toi dan ra mot vi du se 
dtfdc chdng minh d phan sau. 

Vi du 2: (VMO) Cho x,y,z e R, x 2 + y 2 + z 2 = 9. Thi 
2(x + y + z) — xyz < 10 

Trong BDT nay thi dau ”=” xay ra khi x — y — 2, z — —1 (va cac hoan 
vi). 
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Co the nhieu ban se ngac nhien khi biet rang con co nhufng bat dang 
thdc ma dau ”=” xay ra khi cac bien deu khac nhau. Vi du sau day cung 
se difdc chdng minh d phan sau. 

Vi du 3: (Jackgarfukel) Cho a, b,c la 3 so" thifc khong am va co toi da 
mot so" bang 0. Thi ta luon co: 



Cl day, dau dang thufc xay ra khi a = 3b > 0, c = 0 (va cac dang hoan vi). 
Cac ban co the tif hoi la cac gia tri chang han nhif (3,1,0) co gi dac biet 
ma lam cho dang thufc xay ra. Mot each tnJc giac, ta thay dufdng nhuf diem 
dac biet do la do co mot bien bang 0. Vi gia thiet la cac bien khong am, 
nen bien bang 0 con difpc goi la bien co gia tri tren bien. 

Tom lai, trong cac BDT ma ta gap, co cac triidng hdp dau ”=” xay 
ra rat thiidng gap: do la triidng hdp tat ca cac bien bang nhau (ta goi la ”aic 
tri dat diicfc tai tarn”), tong quat hdn la triidng hdp co mot so cac bien bang 
nhau (ta goi la ”ciic tri dat diidc co tinh doi xufng”), mot triidng hdp khac 
la dau ”=” xay ra khi co mot bien co gia tri tren bien (va ta goi la ”cifc tri 
dat diidc tai bien”). 

Phiicing phap don bien diidc dat ra de giai quyet cac BDT co dang nhii 
tren. Y tiidng chung la: neu ta diia difOc ve triidng hdp co hai bien bang 
nhau, hoac la mot bien co gia tri tai bien, thi so" bien se giam di. Do do 
BDT mdi ddn gian hdn BDT ban dau, dac biet neu BDT mdi chi con mot 
bien thi bang each khao sat ham mot bien so" ta se chufng minh BDT kha 
ddn gian. Chinh vi tii tiidng la giam dan so bien nen phifdng phap nay diidc 
goi la phiidng phap don bien. 

Bay gid chung toi se trinh bay cac ki thuat chinh cua phifdng phap 
thong qua cac bai toan cu the. Doi tifdng rat quan trong ma chung toi 
muon ban doc nam bat la cac BDT vdi 3 bien so. Sau do, cac md rong cho 
4 bien se difdc trinh bay. Cuoi cung, chung ta den vdi cac phifdng phap 
ddn bien tong quat cho n bien so", trong do ban doc se cung chung toi di tif 
nhufng ket qua ”co dien” tdi nhflng cai tien nho va sau do la mot ket qua 
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het she tong quat. Tinh than xuyen suot cua chung toi la muon ban doc 
cam nhan diidc tinh tuf nhien cua van de. Qua do, cac ban se ly giai diidc 
”tal sao”, de roi co the tuf minh bufcfc dl tren con diicing sang tao. 

*Ghi chu: Chung toi se danh dau cac bai toan theo tifng muc. Vi so" lifting 
cac dinh ly la rat it nen chung toi khdng danh dau. Chung toi co gang ghi 
ten tac gia va nguon trich dan doi vdi tat ca cac ket qua quan trong, ngoai 
trh nhiing ket qua cua chung toi. 


2. BDT 3 bien v6i ci/c trj dat diTtfc doi xdng. 

Xin phac hoa lai tii tiidng cua chung ta nhif sau. Bai toan cua chung ta se 
co dang f(x, y,z) > 0 vdi x, r/, ^ la cac bien so thvic thoa man cac tinh chat 
nao day. Dieu chung ta mong muon la se co danh gia f(x, y, z) > f(t, t, z) 
vdi t la mot dai lifdng thich hdp tuy theo moi lien he giufa x, y, z (ta se 
goi day la kl thuat don ve 2 bien bang nhau). Sau do chung ta kiem tra 
f(t,t,z) > 0 de hoan tat chufng minh. LPu y rang neu cac bien da diidc 
chuan hoa thi biidc cuoi chi la bai toan vdi mot bien. 

Trong muc nay, chung ta se chi xem xet cac vi du cd ban nhat. 

Bai toan 1. (BDT Cauchy) Cho x,y,z> 0, chufng minh rang 

x + y + z > 2,^/xyz 

Lofi giai: 

Vi BDT la dong bac nen bang each chuan hoa ta co the gia suf x-\-y-\-z = 1 
(*). Viet lai bai toan diicfi dang f(x, y,z)> 0 vdi f(x, y,z) = 1 — 27 xyz. Ta 
thay rang khi thay x va y bdi t = thi dieu kien (*) vdn bao toan (the la 
van co t + 1 + z = 1), nen ta chi phai xem xet sii thay doi cua xyz. 

Theo BDT Cauchy vdi 2 bien (chufng minh rat ddn gian) thi xy < t 2 , 
nen xyz < t 2 z. Vay f(x, y, z) > f(t, t, z ). 

Cuoi cung de y la z — 1 — 2t nen ta co: 

f(t,t,z) = 1-27 t 2 z = 1 -27t 2 (l - 2 1) = (1 + 62;) (1 — 3t) 2 > 0 

va bai toan chdng minh xong. Dang thde xay ra khi x = y va 3t = 1, nghia 
la x — y = 1/3, tiidng diidng vdi x — y = z. 
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*Nhan xet: 

1) Co the nhieu ban se bd ngd vdi each chuan hoa d tren. Chung toi xin 
noi ro: khong co gl la bl an d day ca. Neu thlch, cac ban hoan todn co 
the chuan hoa theo each khac, chang han gia sit xyz = 1 vd cMng minh 
f(x, y, z) > 0 vdi f(x, y,z ) = x + y + z — 3. Khi do bude don bien se la cMng 
minh f(x,y,z ) > f(t,t,z ) vdi t = ^Jxy. De nghi ban doc tu ly giai vi sao 
trong Idi giai tren thi ta xet t = edn d day lai xet t = sfxy, va sau do 
hoan thanh cMng minh theo each nay. 

2) Ban doc co the thac mac: khong can chuan hoa diCOc khong? Cau tra Idi 
la: dtfcfc! That vay, chung ta van hoan todn co the xet bai todn f(x, y,z) > 0 
vdi f(x, y,z) = x + y + z — 3^/xyz. Khi do budc don bien se la cMng minh 
f(x,y,z) > f(t,t,z ) vdi t = hay t = sjxij deu duoc. TMc chat, dieu nay 
hoan todn de hieu, no chi la sit tUctng itng giita BDT co dieu kien vd BDT 
khong dieu kien (qua ki thuat chuan hoa). 

3) Chung toi nghi la cac ban se dong y rang: neu mot bai todn da chuan hoa 
(tutc la BDT co dieu kien) thi no se ”goi y” cho chung ta each don bien (phai 
dam bao dieu kien), tuy nhien, ngUOc lai mot bai todn cMa chuan hoa (BDT 
khong dieu kien) thi chung ta se co nhieu each de don bien hem (noi chung, ta 
se chon each don bien sao cho bao todn ditcfc ’’nhieu” bieu tMc nhat trong 
BDT - dieu nay cung titc/ng dUcfng vdi chuan hoa sao cho bieu tMc co dang 
don gian nhat). Do do, mot sU phoi hop tot giita ki thuat chuan hoa vd don 
bien la mot dieu can thiet. Tuy nhien, khi da quen vdi nhitng dieu nay thi cac 
ban se thay khong co syt khac biet dang ke nao giita chung. 

Bai toan 2. (BDT Schur) Cho a,b,c> 0, chufng minh rang: 

a 3 + b 3 + c 3 + 3 abc >a 2 (b + c) + b 2 (c -h a) + c 2 (a + b). 


Lofi giai: 

Xet f(a, b, c ) = a 3 + b 3 + c 3 + 3 abc— a 2 (b + c ) — b 2 (c + a) — c 2 (a + b). Dat 
t = ta hi vong: /(a, b , c) > /(a, t, t). Xet 

d = f(a, b, c) — f(a, t,t) = ^b + c — ^aj (b — c ) 2 

Ta thay vdi a , b, c la cac so khong am tuy y thi khong chac co d > 0. Tuy 
nhien, neu gia su l a = min{a, b, c} thi ta van co d > 0. Khi do ta chi con phai 
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chufng minh f(a,t,t) > 0. Nhtfng BDT nay tridng dtfdng vdi a(a — t ) 2 > 0 
nen hien nhien dung. Bai toan chufng minh xong. 

*Nhan xet: Viec gia sti a = min{a, b, c} la mot thu thuat rat thudng dUctc dp 
dung de don bien. Nhac lai la neu BDT 3 bien doi xting thi ta co the gia sti 
a < b < c (hoac a > b > c), cdn trong trUbng hop BDT 3 bien hoan vi vdng 
quanh thi ta co the gia svt a = min{a, b, c} (hoac a = max{a, b, c}). 

Bai toan 3. Cho a, b,c la 3 so thuic dtfdng co tich bang 1 . Chufng minh 
rang: 

111 6 

-h 7 H-1- - - > 5. 

a b c a + b + c 

HiTdng dan: 

Neu nhuf 2 bai toan ban dau la nhiing bai toan quen thuoc, thi day la 
mot bai toan kho. Vcfi kinh nghiem thu dufqc tuf bai toan 1, chung ta co the 
nghi ngay tdi viec don bien theo trung binh nhan de khai thac gia thiet 
tich ba so bang 1. Mot ldi giai theo hufdng do da dufdc ban Yptsoi (Dai Lx>an) 
dufa len tren diln dan Mathlinks, ma sau day chung toi xin ddn lai mot each 
van tat. 

Ta chufng minh dufpc f(a,b,c) > f(a,Vbc,Vbc ) neu gia suf a > b > c. 
Tiep theo, ta chufng minh rang /(a, Vbc, Vbc ) > 5, hay la 

/ (— ,x,x 1 > 5, vdi x — Vbc 
\x 2 ) 

BDT nay tricing drfdng vcii {x — l) 2 (2x 4 + 4x 3 — 4x 2 — x + 2 ) > 0. Vi bieu 
thde trong ngoac thuf hai dtfdng vdi x > 0 nen chufng minh hoan tat. Dang 
thde xay ra khi va chi khi a = b = c = 1 . 

Qua cac vi du tren, chung ta da thay each don bien ve trung binh cong 
va trung binh nhan that la hdu dung. Tuy nhien, cac each don bien la vo 
cung phong phu va uyen chuyen. Vi du sau day minh hoa cho dieu do. 

Bai toan 4.(Iran 1996) Chufng minh rang vdi a, b, c > 0 thi: 

, , , \ / 1 1 1 \ 9 

(ab + bc + ca ) I -— 77 -— 7 - + 7—■—7 ) > —■ 

V (a — b) 2 (b + c ) 2 (c+a) 2 / 4 

HiTdng dan: 

Day la mot bai toan rat kho. Cac ban co the thay dieu do qua suf kien 
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la dau ”=” dat dddc ngoai a = b = c con co a = b, c —> 0. 

Cac ban nen thd de thay 2 each don bien thong thiidng la trung binh 
cong va trung binh nhan deu d&n den nhdng BDT vo cung phde tap. Ldi 
giai sau day lay td y cua thay Tran Nam Dung, ma neu nhin kl ban se thay 
ddPc mol tifdng quan, khong chi trong tinh toan ma trong ca td duy, cua cac 
kl thuat chuan hoa va don bien, ma chung toi da de cap trong nhan xet 3) 
cua bai toan 1. 

Vi BDT la dong bac nen ta co the gia sd ab + be + ca = 1 (*). Bay gib 
ta hi vong co danh gia /(a, b, c) > | vdi /(a, 6, c) la bieu thde thut hai cua 
ve trai BDT can chufng minh. Cj day t phai thoa moi lien he d (*), nghia la 
t 2 + 2 tc = 1. 

Bang each gia sut c = min{a, 6, c} ta se chdng minh drfdc f(a, b, c ) > 
f(t,t,c). Cuoi cung, ta kiem tra f(t,t,c) > |. d day ba n doc co the thay 
c = vao BDT de thay: 




(l-t 2 )(l-3t 2 ) 2 ^ 
4t 2 (l + 1 2 ) 


Bai toan chdng minh xong! 


*Nhan xet: O bude cuoi, cac ban ciing co the khong chuan hoa nita ma 
quay lai BDT dong bac: 

, n w 2 1 9 

(t +2tc)( (tT^ + 4p ) -4 

( t 2 + 2tc)(8t 2 + (t + c) 2 ) — 9 (t + c) 2 t 2 > 0 2 tc(t — c) 2 > 0 


Cuoi cung chung ta den vdi mot vi du ma ede tri khong dat tai tarn, mac 
du BDT la doi xdng. Cac ban se thay rang, trong con dddng cua chung ta 
phan quan trong nhat la don ve hai bien bang nhau, con sau do thi ede tri 
dat tai tarn hay khong khong phai la dieu mau chot. 

Bai toan 5. (VMO) Cho x, y, z la cac so thvfc thoa man: x 2 + y 2 + z 2 = 9. 
Chdng minh rang: 2(x + y + z) — xyz < 10. 

Ldi giai. 

Dat f(x, y , z) = 2(x + y + z) — xyz. Chdng ta hi vong se co f(x, y , z) > 
f(x, t, t ), trong do t 2 = ( y 2 + z 2 )/2 (*) (chdng toi nghi rang bay gid ban doc 
da td ly giai ddPc dieu nay). Lrfu y la trong (*) t co the nhan 2 gia tri, de 
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dinh y ta hay xet khi t > 0. 

Ta c6: d = f(x, y, z) — f(x, t, t) = 2(y + z — 2t) — x(yz — t 2 ). Ta thay 
ngay y + 2 — 2t < 0 va yz — t 2 < 0. Do do de co d < 0 ta chi can x < 0. 

TCf do, ta gia sh x = min{x , y, z}. Xet trifdng hdp x < 0. Khi do 
ta don bien nhtf tren va chi con phai chufng minh f(x,t,t) < 10. Thay 
t = \/(9 — x 2 )/2 ta co: 

g(x) = f(x, t, t) — 2x + 2>/2(9 — x 2 ) — x(9 — x 2 )/2 


Ta co: 


.. 3x 2 5 Ax 

9{x) = --2-yW^W 


Giai ra ta thay phitdng trinh g'{x) — 0 chi co 1 nghiem am la x — — 1. Hdn 
nda g' lien tuc va g'{— 2) > 0 > g'(O) nen suy ra g' doi dau tb diidng sang am 
khi di qua diem x = —1. Vay \/x < 0 thi g(x) < g(— 1) = 10 va ta co dieu 
phai chdng minh. Tnidng hdp nay dang thdc dat diidc tai x = — 1, y = z = 2. 

Phan con lai ta phai giai quyet tracing hdp x > 0, tdc la 3 so x, y , z deu 
dOdng. Luc nay dau BDT la thtfc sil va ta chi can danh gia dcin gian chd 
khong phai thong qua don bien. Neu x > 3/4 thi 


f(x,y,z) = 2 (x+y+z)-xyz < 2y/3(x 2 + y 2 + z 2 


'-(§)’ = 2 ^ 27-10 


Neu x < 3/4 thi 

f(x,y,z) = 2(x+y+z)-xyz < 2(y/2 (y 2 + z 2 ) + 3/4) <— 2 (a/18 + 3/4) < 10 

Bai toan chdng minh xong! 


3. Don bien bang kT thuat ham so. 

Day la mot kl thuat rat quan trong cua phpqng phap don bien. Tuy 
nhien chung toi gidi thieu no ngay sau phan cd ban nhat la nham trang 
bi cho cac ban mot ki thuat can thiet trPcic khi di qua cac muc sau. Hdn 
nufa, chung toi nghi rang khi da quen vdi no thi cac ban se khong con phai 
phan biet ale tri dat tai tarn hay tai bien, va do do muc tiep theo se nhe 
nhang hdn. 
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Trong $2 chung ta thay rang de chufng to f(x,y,z ) > f(t,t,z ) ta chi 
viec xet hieu d = f(x, y, z) — f(t, t , z) roi tim each danh gia sao cho d > 0. 
Tuy nhien, do la vi dang BDT qua ddn gian, phu hdp vefi cac bien dol 
dal so". Gia suf ta phai lam viec vdi bieu thde / co dang, chang han, nhuf: 
f(x, y, z) = x k + y k + z k vdl k > 0 thi cac each bien dol dai so se trd nen 
rat cong kenh va phde tap. 

Kl thuat ham so" dung de giai quyet cac trUdng hdp nhif vay. Y tildng 
chlnh the" nay, chang han de chufng minh f(x,y,z ) > f(x,t,t ) vdi t = 
(y + z) /2, ta xet ham: g(s ) = f(x, t + s,t — s) vdi s > 0. Sau do chufng minh 
g tang vefi s > 0 (thong thufeing dung cong cu dao ham rat tien ldi), suy ra 
g(s) > g( 0), Vs > 0, va ta se thu dufdc dieu mong muon. Mot trong nhufng 
vl du quen thuoc vefi cac ban la don bien bang ham loi, tuy nhien dufdi day 
chung ta se quan sat k! thuat don bien trong boi canh tong quat hdn, con 
van de ve ham loi se dufdc trd lai 6 mot muc sau trong bai toan vefi n bien. 

Chung toi nhan manh rang, day la mot ki thuat kho, bdi no chufa diing 
nhufng net rat tinh te" cua phufcfng phap don bien. Nhufng vi du sau day the 
hien rat ro ve dep va sufc manh cua phufdng phap don bien. 


Bai toan 1. Cho k > 0 va a, b, c la cac so khong am va chi co toi da 1 
so bang 0. Chufng minh rang: 




Lhi giai: 

Tat nhien ta chi can chufng minh BDT khi 2 = ^<^>/a=|^| — 1 (cac 
ban hay suy nghi tai sao BDT dung cho trufcfng hdp nay lai dan den BDT 
dung cho tnidng hdp tong quat). Chu y vefi k nhuf tren thi dang thde xay 
ra tai hai cho la a = b — c hoac a = b,c — 0 (va cac hoan vi). 

Khong mat tong quat co the gia sii a — b -y c — 1 va b > c > a. Dat 
t = va m = S uy ra b = t +m, c — t — m,a = 1 — 2t . Khi do ve" trai 
BDT can chufng minh la: 


f(m) = 



f t + m \ 
\1 —t — m) 


( t — m \ k 
\1 +m — t) 


Vi c > a nen 3t —l>m>0, val>b + c —2t nen \>t>\ 

Ta se khao sat /(m) tren mien m e [0, 3 1 — 1] vefi t e [|, |] la hang so. 
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Ta c6: 
f'(rn) - 


k(t + m) k ~ 


k(t - m) fc_1 


(1 — t — m) k+1 (1 + m — t) k+1 

(t + m) k ~ l {t-m) k ~ l 


f (m) > 0 (i _ ^ _ m )fc+i ( 1 + m _ ^fc+i 

g(m) : = [ln(t — m) — ln(t + m)\ — -—- [ln( 1 — t — m) — ln{ 1 + m — t)\ > 0| 
Tiep tuc khao sat g, ta c6: 


'll' 

k + 1 

1 

1 

t — m t + m_ 

+ T^k 

1 —t — m 

1 +m — t_ 


2(1 -t) 


(t — m)(t + m) ' 1 —k (1 — t — m)(l + m — t) ^ ^ ^ 

Danh gia y^l > 2, do vay de chting minh (1) ta can chufng minh 

■■ , >o (i) 


t 2 —m 2 (1 — t) 2 — m 2 

«=>■ u(m ) = — t + 4 t 2 — 3 1 3 + 3tm 2 — 2 m 2 > 0 
That vay, vi u'(m) < 0 nen u(m) > u(3t — 1) = 2(3t — 1)(2 1 — l) 2 > 0 


Vay g(m ) dong bien suy ra g(m) > <?(0) = 0 suy ra f(m) > 0 suy ra 
f(m) > /(0). Nhd la khi rn — 0 thi b — c — k 

Cuoi cung, ta can cluing minh h(t) := /(0) > 2. Viet lai: 


h(t) = 


1 - 2 1 


+ 2 


2 1 J \l-t 

Ta khao sat h(t) tren mien t e [0, |]« Ta co: 

2 kt k ~ l k (1 - 2 t) k - 


(1 - t )^ 1 2 k ' t 
2 k+1 t 2k < [(1 — t)(l — 2t)] fc “ 1 


■ < 0 

( 2 ) 


Trong BDT cuoi, ve trai la ham dong bien theo t va ve phai la ham nghich 
bien theo t, va liiu y la t < 1 nen de cluing minh (2) ta can: 

2 ‘ +1 © 2 ^k i 4 )(i -|t i 
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Bat dang thtfc nay dung, nen h(t) nghich bien, suy ra 
h(t) > h(^) = 2 


Bai toan dtfdc giai quyet tron ven! 

Nhan xet: Be thay dUOc net dep cua bai todn nay, chung toi xin dan ra 
mot so trUdng hop rieng cua no, ban than chung da la cac bai todn hay va 
dUOc biet den mot each rong rai. 


1) TrUdng hop k = 1, ta thu dUOc BBT Netbit: 

a b c 3 

- - 1 - 1 - - > — 

b'-fc e-fa a + b 2 

Day la mot BBT rat noi tieng. Mot each chvtng minh ”kinh dien” la: 


a b % a+b+c a+b+c a+b+c 

- -1-1- - + 3 = ---1-1-:- 

b -I-# a a + b b— c a + c a + b 


/ , w 1 1 Is 

— (a + b + c)( - - 1 - 1 - - ) 

K b + c c + a a + b 
n 

> (a + b + c) 


(b + c) + (c + a) + (a + b) 


9 

2 


2) TrUdng hop k ~ ta thu dUOc BBT sau: 



2 


Day cung la mot bai todn rat dep, trUdc day dUOc biet den nhu mot BBT 
ngUOc chieu vdi BBT Netbit. Co mot Idi giai rat don gan, chi dung BBT 
Cauchy: 


I a _ 2a ^ 2a 
\Jb + c 2 y/a{b + c ) a + b + c 


3) TrUdng hop k > ta co BBT sau: 


(—) k + (— — ) k + (— — ) k > _ 
[ b+c } +{ b + c } +{ b + c ) - 2 k 
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Day ciing la mot bai todn rat dep da duqc biet den tit trUdc nhu la mot 
md rong cho BDT Netbit (no ciing titng dupe dang tren tap chi THTT vdi ten 
cua tac gia la Tran Tuan Anh). Tit ket qua bai todn tong quat, ta biet rang 
2/3 khong phai la so tot nhat de co gia tri nhd nhat la 3/2 k . Tuy nhien, no 
la so tot nhat theo nghia co the dp dung BDT Cauchy theo each sau day. De 
dan gian chung toi trinh bay vdi trUdng hap k = 2/3. 


, _ b + c b + c 3 / b-< 

a+b+c- a-\ ---1- — > 3y a(— 

. 2a ,2 3a 

=* 7 - )5 > -7- 

y b + c a + b + c 


Cung v 6 i bai toan 1, bai toan sau day cung la mot trong nhufng vi du rat 
dep cho ki thuat ham so". 

Bai toan 2 . Cho k > 0 , a, b, c > 0 va a + b + c — 3. Chdng minh rang: 

( ab) k + ( bc) k + ( ca) k < max{ 3, (^) fc } (*) 

Lofi giai: 

Khong mat tong quat co the gia sd b > c (con viec cho a — min hay 
max thi tuy theo tinh huong, ta se dieu chinh mot each ”hdp li” khi can 
thiet). 

Dat i ^ va m = y suy ra b = t + m,c = t — m . Khi do ve trai BDT 
can chdng minh trd thanh: 

f(m) — a k [(t + m) k +Jt — m) k ] + ( t 2 — m 2 ) k 

Ta khao sat /(m) tren mien m e [0,4]. Ta co: 

f(m) = ka k [(t + mf- 1 - [t - m)^ 1 ] - 2 km(t 2 - m 2 )^ 1 
f(m) > 0 ^ g(m) := a k [(t - m ) 1_fc - (t + mf~ k ] - 2m > 0 

Tat nhien ta chi can xet khi k > 1 (khi k < 1 thi bai toan dcin gian). 
Ta co: 

g"(m) = a k k(k — !)[(£ — — (t + m)~ k ] > 0 
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=> g'(m) dong bien, do do co toi da mot nghiem tren (0, t). Vi <?(0) = 
0, g(t) — +oo nen chi co hai kha nang: 

g(m) > 0 hoac g(m ) = — 0 + 

Tifdng ufng ta co f{m) di len hoac /(m) di xuong roi lai di len. Trong trifdng 
hdp nao thi cifc dai cung dat d bien do do 


f{m) < max{f(0),f(t)} 

Nhac lailam = 0<^>6 = c = tvam = t<^>c = 0. 

Dl thay khi c = 0 thi: 

f(t) = 2(abf < 

nen ta chi con phai xet tnfdng hdp con lai. Dat: 

h(t) := /(0) = 2 t k a k + t 2k = 2t k (3 - 2 t) k + t 2k 


h'(t) = -Ak{3 - 2 t) k ~H k + 2k{3 - 2t) k h k ~ 1 + 2kb 2k ~ 1 


ti(t) >0^-2 


<=> u(x) := x k - 2x k 1 + 1 > 0 vdi x = - 


+ 1 > 0 


Ta co: u'{x ) = [kx — 2(k — l)\x k ~ 2 . Vi u'{x) co toi da mot nghiem tren R + 
nen u{x ) co toi da 2 nghiem trong R + , trong do mot nghiem la x — 1. 

TCf do, ta se gia sd a = min{a, b , c}. Khi do ta chi viec xet khi t > 1 va 
trfdng dng se la x < 1 . Vi u{x) chi co toi da 1 nghiem trong (0,1) nen h'{t) 
chi co toi da 1 nghiem trong (1, |). 

Liiu y la lrfu y h'(l) = 0, h'{ |) > 0. Do do, chi co hai kha nang hoac h(t) 
dong bien hoac h(t) co dang —0+. Trong trifdng hdp nao thi h(t) cung dat 
max tai hai bien, suy ra: 


h(t) < max{f(l),f{^)} = max{ 3, (^) 2fc } 
va bai toan giai quyet xong! 
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*Nhan xet: Cf day chung toi khong gia thiet a = min{a, b, c} ngay tCf dau la 
muon nhan manh rang: viec don ve 2 bien bang nhau luon thiic hien diipc 
ma khong can thuf ttf sap dtfOc giufa cac bien. Tan dung dieu do, chung ta 
co the lam each khac de ne viec khao sat bai toan 1 bien. 

That vay, nhit trong chufng minh da chi ra, ta luon co BDT sau day ma 
khong can gia thiet gi ve thut tii cua a, b, c: 

f(a, b, c) < max{(^) 2k , f(a, (*) 

Tit do, vdi mdi a, b, c co dinh, xet day so sau: (a 0 , b 0 , c 0 ) — (a, b, c), va 
Vn G Z + thi ta dinh nghla bang quy nap: 

/ , \ / ^2n-2 + b2n-2 &2ra-2 + &2n-2, 

(02n-l, 02n-l, C2n_i) — (02n-2, -^^-) 

va: 

/ , \ / ®2n—1 T ^2n—1 0>2n-l + &2n-l n 

(<*2n, »2n, C 2n ) = (-^^-, C 2n -l) 

thi ta co ngay 


f(a, b, c) < max{(^) 2k , f(a n , b n , c n )}, Vn e Z + 

Dl thay cac day {a n }, {b n }, {b n } deu hoi tu ve 1, nen chuyen qua giefi han 
ta co dieu phai cluing minh. 

Ki thuat chuyen qua giefi han nhii vay cung kha tii nhien. No co the 
tong quat len thanh 2 dinh ly don bien tong quat la SMV va UMV ma 
chung toi se gidi thieu d phan sau. Cung suf dung tinh lien tuc cua ham so 
nhiing vdi ki thuat khac, chung toi con dat diidc 1 ket qua tong quat hefn. 

Sau khi co (*), con mot each khac de dat dtfOc dieu phai cluing minh 
ma chi can sd dung mot so" hfiu han lan thay the. Tuy nhien, de khoi trung 
lap chung toi se gidi thieu no trong muc BDT 4 bien (va cac muc sau), khi 
ma no thiic sii can thiet. 

h Con trong triidng hop 3 bien, chung toi se chi sd dung each tiep can don 
gian nhat (don ve 1 bien roi khao sat), nham gifl dtfOc tinh trong sang cua 
tii tiidng. 

Chung toi hi vong rang, sau khi doc ki hai bai toan tren, thi cac ban co 
the sd dung ki thuat ham so de don bien theo each bat ki, chd khong nhat 
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thiet la don ve trung binh cong. Sau day la mot vi du cho kieu don bien 
ve trung binh nhan. 

Bai toan 3: (Pham Kim Hung) 

a) Cho cac so" thrfc drfdng a, b, c c6 rich bang 1 . Cluing minh rang: 

(i) 81(1 + a 2 )(l + b 2 )( 1 + c 2 ) < 8(a + b + c) 4 

(ii) 64(1 + a 3 )(l + b 3 )( 1 + c 3 ) < (a + b + c) 6 

Lofi giai: 

(i) . Dat f(a, b , c) = 8(a + b + c) 4 — 81(1 + a 2 )(l + b 2 )( 1 + c 2 ). Ta co the gia 
sxi a>b. Xet ham so g(t) = f(ta, b/t, c) vdi t e [\/b/a, 1]. Ta co: 

g\t) = 32(a - p ){ta + ^ + c) 3 - 81(a - ^)(ta + ^)(1 + c 2 ) 

Vi t G [y/bja, 1] nen g'(t) > 0 neu: 

32(d + c) 3 > 81d(l + c 2 ) vdi d = ta + ^ 

Taco: 32(d+c) 3 > 32d(d 2 + 2dc+3c 2 ) > 32d(3\/ d 4 c 2 + 3c 2 ) > 81d(l + c 2 ) 
(lrfu y la d 2 c > 4) 

Vay </(£) > 0 vdi t e 1]. Do do: <?(1) > g(\/b/a). Vay /(a, 6, c) > 

/(s, s, c) vdi s = \fab. Thay s = l/-\/c ta drfdc: 

/0, s, c) = /(-^=, -^=, c) = 8(-^= + c) 4 - 81(1 + -) 2 (1 + c 2 ) 

V c v c v c c 

= (^~ 1 ) 2 (8c 5 + 16c^ + 24c 4 + 96c§ + 87c 3 + 78 c^ + 

+99c 2 + 120ci - 21c 9 l\/c + 47) 

> 0 (dpcm) 

Dang thrfc xay ra khi va chi khi a — b — c — 1 . 

(ii) Bang each lam tricing trf nhrf tren, ban doc co the trf chrfng minh BDT 
nay. O day chung toi xin lrfu y rang BDT la thrfc srf va 64 la hang so tot nhat. 

Dieu cuoi cung ma chung toi muon noi vdi ban doc, do la trf viec nam 
dtfdc phrfdng phap den viec van dung dtfdc no mot each thanh thao la ca 
mot qua trinh. Dieu can nhat la cac ban phai co y chi de thrfc hien van de 
tdi ndi tdi chon chut drfng bo dd nrfa chrfng, du phai doi mat vdi nhrfng tinh 
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toan phufc tap. Roi thanh cong triidc mdi bai toan se khien cac ban ttf tin 
hdn. Chung toi din ra day mot bai toan ma co the ldi giai cua no se khien 
nhieu ban ”khiep sd”, tuy nhien chung toi hi vong cac ban se binh tarn de 
thay difPc ve dep trong sang cua no an dang sau nhufng ki thuat tinh toan 
lao luyen. 


Bai toan 4. Cho a,b,c > 0, a + b + c — 3. Tim gia tri ldn nhat cua 
bieu thufc: 

ab be ca 

3 + c 2 + 3 + a 2 + 3 + b 2 


Lofi giai: 

Ldi giai sau day cua anh Phan Thanh Nam. 

Gia s xi a >b > c. Dat a = s + t,b = s — t thi ve trai BDT can chufng 
minh la: 


m ■= 


c(s — t ) 

3 + (s + t) 2 


c(s + t) s 2 - t 2 
3 + (s-t) 2+ 3 + c 2 


Ta khao sat f(t ) tren mien t e [0, s — c]. Ta co: 


fit) = 

4 cst 
uv 


2 c(s 2 - t 2 ) 


3 + (s + t) 2 (3 + (s + t) 2 ) 2 

8 cst(s 2 — t 2 )(u + v) 2 1 
+ 3 + c 2 


c 2c(s 2 - 1 2 ) 

3 + {s-t) 2+ (3 +(s-t) 2 ) 2 

< o, \/t e (o, s — c) (*) 


vdi u = 3 + (s + t) 2 , v — 3 + ;(s — t) 2 (BDT (*) se chufng minh sau). 
Vay Vi e [0, s — c] thi: 


m < /(o) = 


3 + s 2 3 + c 2 


2s (3 - 2s) s 2 

3 + s 2 + 3 +(3-2s) 2 9 S > 



(1) 


Xet g(s) vdi s e [1, §]. Ta co: 

, 24s — 12s 2 18 — 24s — 6s 2 108(s 2 — 3s + 4)(s — 1) 2 (—s 2 — 3s + 6)1 

9 W = (3+(3-2 S )^ + (3 + s 2 ) 2 = [3 + (3 — 2s) 2 ] 2 [3 + s 2 ] 2 | 

Dl thay s 2 — 3s + 4 > 0 va —s 2 — 3s + 6 = ( ^~ 3 — s)(s + ^ +3 ) nen g'(s) 
dtfpng tren (1, s 0 ) va am tren (s 0 , |) vdi s 0 ^ - ~ 3 • 1, 372281323... 

Vay Vs e [1, §] thi: 


g{s) < g{s 0 ) = 


ll\/33-45 

24 


( 2 ) 
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Trong (1) va (2), dau ”=” xay ra dong thdi tai t = 0 va s — s 0 , tutc la 
a = h = s 0 va c — 3 — 2s 0 . 

Vay gia tri ldn nhat can tim la n ^j~ 45 = 0, 757924546..., dat drfdc khi 
a = b = = 1, 372281323., c = 6 - \/33 = 0, 255437353... 

De ket thuc, ta chufng minh BDT (*). Day la 1 BDT kha chat. Ta se chi 
ra vdi t G (0, s — c) thi: 


4cs 1 
uv 3 + c 2 


v 8cs ( s2 -^ 2 )(^ + v) / 1 

<3) va - CV -- 3T^ 


(4) 


la xong! 

Chting minh (3): Vi c + 2s = 1 va s > 1 nen cs < 1. Hdn nufa u = 
3 + (s + t) 2 > 4, v = 3 + (s — t) 2 > 3 + c 2 . TCf do suy ra (3). 

CMng minh (4): Dung BDT Cauchy ta co: 

u 2 v 2 = [[3 + (s + t)] 2 [3 + (s - t)] 2 ] 2 > 16(s 2 - t 2 ), va 


2cs('u + i;)(3 + c 2 ) = 4cs(3 + s 2 +i 2 )(3 + c 2 ) < 


^4cs + 3 + s 2 + £ 2 + 3 + c 2 ^ 3 


Thay c = 3 — 2s vao, lvfu y la t < s — c — 3s — 3, ta co: 


4cs + 3 + s 2 + t 2 + 3 + c 2 T 4(3 — 2s)s + 6 + s 2 + (3s — 3) 2 T (3 — 2s) 2 
= 12 + 6(s — l)(s — 2) < 12 


suy ra 2 cs{u + u)(3 + c 2 ) < 4 3 . Vay: 

8 cs(s 2 — t 2 )(u + v) s 2 — t 2 2cs(u + u)(3 + c 2 ) 1 4 3 1 

u 2 v 2 ' u 2 v 2 ' 3 + c 2 — ’ 4 4 ’ 3 + c 2 3 + c 2 

va bai toan giai quyet xong! 


4. BDT 3 bien v6i ci/c trj dat dittfc tai bien. 

Neu nhrf trong phan tritdc chung ta co the hieu ”don bien” la ’’day 
hai bien lai gan nhau”, thi trong trrfdng hdp nay ta phai hieu ”don bien” 
nghla la ’’day 1 bien ra bien”. Chang han nhrf xet BDT f(x,y,z) > 0 
vdi x,y,z > 0, ta co the hi vong vao danh gia f(x,y,z ) > trong 

do s,t la cac dai lrfpng thich hpp sinh ra trf cac bien a,b,c (ta se goi day 
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la k! thuat don 1 bien ra bien). Tat nhien ta se chon s,t sao cho hieu 
d = f(x,y,z ) > f(0,s,t) la ddn gian va co the danh gia thuan ldi. Cuol 
cung ta chi viec kiem cluing /(0, s, t ) > 0. 

Trtfcic het, de cac ban lam quen vdi each don bien ”mdi me” nay, chung 
toi xin trd lai mot vi du 6 phan trrfcic. 

Bai toan 1: (BDT Schur) Cho a, b, c > 0. Chdng minh rang: 

a 3 + b 3 + c 3 + 3 abc >a 2 (b + c) + b 2 (c + a) + c 2 (a + b). 


Lofi giai: 

Trong $2, bai nay da difdc giai bang each don 2 bien ve bang nhau. Tuy 
nhien nhan xet la ngoai diem a = b — c, dang thde con dat tai a = b, c — 0 
(va cac hoan vi). Do do, k! thuat don bien ra bien vin co kha nang thanh 
cong! 

Dat f(a, b, c) — a 3 + b 3 + c 3 + 3 abc — a 2 (b + c) — b 2 (c + a) — c 2 (a + b). 

Ta hi vong se co f(a, b , c) > /(0, a + b, c ). Xet hieu: 

d = f(a, b, c) — /(0, a + b,c) — ab(5c — 4a — 46) 

Nhii vay la ta khong the co d > 0, cho du tan dung sU kien la a, b, c co 
the dtfdc sap. 

That dang tied Tuy nhien, neu cac ban dtfng lai 6 day thi con dang 
tiec hdn. Thay vi bo dd, ta hay xem lai vi sao khong the co d > 0. Neu 
tinh y, cac ban co the thay la f(a, b, c) se nho di khi hai bien tien lai gan 
nhau (do chinh la ly do ma ta co the don ve hai bien bang nhau nhif trong 
$2), con d day khi thay bo (a, b, c) bdi (0, a + b,c ) thi ”diidng nhtf” cac bien 
cang each xa nhau. Do chinh la ly do each don bien d tren that bai. 

Tif do, ta nay ra y la thay (a, b, c ) bdi (0, b + a/2, e+ a/2). Xet hieu: 

d a = /(a, b, c) — /(0, b + a/2, c + a/2) = a(a + b — 2c) (a + c — 2b) 

Dieu thu vi la ta co the gia sd d a > 0. That vay, dieu nay cung nhd viec sap 
thuf tii nhtfng khong phai la giufa cac bien a, b , c ma la giQa cac hieu d a , db, d c 
(trong do db, d c la hai hieu tricing tii nhrf d a ). Vi tinh dol xring nen ta co the 
gia sd d a = max{d a , db, d c }. Khi do neu d a < 0 thi 

0 > d a dbd c = abc(b + c — 2a) 2 (c + a — 2b) 2 (a + b — 2c) 2 
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va mau thuln! 

Vay d a > 0 nen f(a, b , c) > /(0, s, t ) vdi s = b + a/2, t — c + a/2. Cuoi 
cung, ta thay 

/(0, s, t) =t 3 + s 3 — t 2 s — ts 2 = (t + s)(t — s ) 2 > 0 
va chflng minh difdc hoan tat. 

*Nhan xet: Mac du BDT Schur qua quen thuoc, nhitng each cMng minh 
bang don bien mdi chi dUcfc chu y gan day. Tuy nhien, neu nhu each don 
ve hai bien bang nhau co ve kha ”hcfp ly”, thi each don mot bien ra bien la 
mot ket qua thvtc svt bat ngd. Tat nhien, cMng minh tren khong phai la each 
ngan gon nha't, nhUng d day chung toi muon nha'n manh den sU tu nhien cua no. 

Neu nhii trong bai toan 1 viec ap dung k! thuat don bien ra bien gay 
bat ngd, thi trong bai toan sau no la mot con difefng tat yeu. 

Bai toan 2: (Hojoo Lee) Cho a,b,c > 0, ab + be + ca = 1 (*). Chdng 
minh rang: 

— + — + — >5 

a + b b + c c+ a 2 

Leri giai: 

Bai nay dang thde khong xay ra tai tarn, ma tai a = b = 1, c = 0 va cac 
hoan vi. Xet mot trrfdng hdp rieng khi c = 0, thi bai toan trd thanh: 

11 1 5 

’’CMng minh rang: - + - H-- > vdi ab = 1.” 

a b a+b 2 

Dat s = a+b thi dieu tren tricing dtfdng vdi > |, hay (2s —l)(s —2) > 
0. BDT cuol la hien nhien vi s = a + b> 2 \fab = 2. 

Vay bay gid ta chi can don mot bien ve 0 nfla la xong. Cach lam sau 
day lay td y cua anh Pham Kim Hung tren Diln Dan Toan Hoc. 

Dat f(a,b,c ) la ve trai BDT can chdng minh. Ta hi vong f(a,b,c ) > 
f(a + b, ^L_,0) (chu y la each lay nay nham dam bao dieu kien (*)). Xet 
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d = f(a,b,c)-f(a + b,-^, 0) 



1 + a 2 + 1 + b 2 1 1 + (a + b) 2 

Ttf do quy dong len ta thay d > 0 neu 2(1 — ab ) > ab(a + b) 2 . Neu gia suf 
c = max{a, b, c} thi 2(1 — ab) — 2c(a + b) > ab(a + b) 2 . Vay luc nay d > 0 
va bai toan chufng minh xong! 


*Nhan xet: 

1) Ldi giai day tien ctucfc dUa ra tren Dien Dan Toan Hoc la cua anh Phan 
Thanh Nam, mot each cMng minh rat ngan gon. Dat x — a + b + c. 

Neu x > 2 thi: 


> f(a, b,c ) > x H 


Neu x < 2 thi gia svt a = max{a, b , c} ta co: 

* . , ab , . ac 

f(a. b. c ) = o# —— + (6 + - 

a + b a + c 


b + c ax + bc 2 2 

(lUu y la 2a(l + be) =2a + 2 abc > ax + be, vi x < 2 va 2a > 1 .) 

Tuy nhien, nhitng ldi giai nhtf vay khong phai de dang nghi ra. Ve ldi giai 
bang don bien d tren, mot Ian m(a chung toi nhan manh den tinh tu nhien cua 


2) Bai toan 2 la mot bai toan hay va thu ditOc sU quan tarn cua nhieu ban. 
Tuy nhien, cac ban se bat ngd khi no chi la mot he qua ...dcfn gian cua mot 
BDT quen thuoc khac. Do chinh la BDT Iran 1996. That vay, vdi gia thiet 
ab + be + ca = 1 thi tut ket qua cua BDT Iran 1996 ta co ngay: 

, 1 1 1 

-7 + 7- + - 

a — b b + c C+ a 

= 1 , 1 , 1 4 (a + b + c) >9,25 

(a + b) 2 (b + c) 2 (c + a) 2 (a + b)(b + c)(c + a) ~ 4 4 
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(lUu y la a + b + c= (a + b + c)(ab + be + ca) > (a + b)(b + c)(c + a)) 

Tie nhan xet tren, ta nhd lai la trong $2, BBT Iran 1996 da dUc/c giai bang 
ki thuat don ve hai bien bang nhau. Tut do co hai cau hoi rat tu nhien la, thvt 
nhat: bai todn 2 d tren co the giai bang each don hai bien bang nhau khong, 
thut hai: BBT Iran 1996 co the giai bang each don 1 bien ra bien khong? 
Chung toi de nghi cac ban tyt giai dap hai cau hoi do. 

3) Bai todn 2 lai dan den ket qua thu vi sau day, ma tac gia la ban Zhao bin 
(Trung Quoc) 

”Cho x,y,z la cac so thUc khong dm va chi co toi da 1 so bang 0. CMng 
minh rang: 

1 1 1 10 

x 2 + y 2 + y 2 + z 2 + z 2 + x 2 ~ (x + y + z) 2 ' 


Bang hai bai toan ”cu” d tren, chung toi muon ban doc co mot cam 
giac de dang doi vdi ki thuat don bien ve bien. Tuy nhien, trong hai bai 
nay thi ki thuat don bai bien bang nhau van phat huy tac dung, do do 
khong khoi kho khan trong viec thuyet phuc ban doc ve she manh cua ki 
thuat don bien ra bien. Do do, chung toi d&n ra bai toan sau day, cac ban 
se thay ki thuat don ve hai bien bang nhau hoan toan be tac, dcin gian vi 
dang thde dat diidc khi ... cac bien doi mot khac nhau. Day cung la mot 
trong nhufng vi du quan trong nhat cua ki thuat don bien ra bien ma chung 
toi muon trinh bay vdi cac ban. 


Bai toan 3: (Jackgarfukel) Cho a, b, c la 3 so" thiic khong am va co toi 
da mot so" bang 0. Chufng minh rang: 


a b c 



< -Va + b + c 
4 


(*) 


Lofi giai: 

Trrfdc khi tan cong bai nay, ta can xem khi nao trifdng hdp dau bang 
xay ra: d! thay a = b = c khong thoa, do do mot each tq nhien ta nghi den 
tnidng hdp bien: c = 0. Vdi c = 0 thi BDT(*) trd thanh 


a 




( 1 ) 
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Chuan hoa a + h = 1. Ta co 


(1) -O' 1 — byks/b < ^ (Vb — > 0 (dung!) 

Vay dang thufc xay ra khi a = 3b, c = 0 (va cac hoan vi). 

Nhii vay tnfdng hcfp dau bang xay ra khi ca ba bien rdi nhau, do do cac 
phiidng phap don ve hai bien bang nhau xem nhif khong con tac dung. Do 
do, don mot bien ve bien co the xem la con diicing tat yeu. 

Khong mat tong quat co the gia sd a = max{a, b, c} va a + b + c — 1. 
Dat t = ^ va s = suy ra a = t + s, c — t — s, b = 1 — 2t. Ta co 


. . t + s 1 — 2 1 t — s 5 

(*) 7 < - 
y/s+l-t VI -t-S \[2t 4 


(1) 


Dat f(s) — VT( 1) vdi s E [0, t\, ta se chflng minh f(s) < max(/(0), f(t)). 
Ta co : 

1 t + S i 1_2t 1 

J[S) y/s+l-t 2( S + l-t)3/ 2 + 2(l-t- S )3/2 V2 1 

Vi chiia xac dinh dtfPc dau cua f'(s) nen ta dao ham tiep 

1 3(t + s) 3(1-2 1) 

J { } (s+ 1 - t ) 3 / 2 4(s + 1 - tyi 2 4(1 - t - Sf / 2 

r( , = 9 _ 15 (t + s) 15(1 - 2 1) 

1 [ ) 4(s 4-1 — t) 5 / 2 8(s + 1 - t) 7 / 2 + 8(1 - t - s) 7 /2 


18 + 3s - 33 1 15(1 - 2 1) 

(1 -t- s)V 2 + 8(1 -t- s)V 2 


> 0, vi b = 1 — 2t > 0 


Vay f"(s) > 0 vdi moi s E [0, t] nen theo dinh li Rolle ruy ra f'(s) co 
toi da da hai nghiem tren [0,t]. Mat khac dl dang chilng minh /'(0) < 0 
va f'(t) > 0 do do f'(s) chi co the doi dau toi da mot lan tren (0 ,t), hdn 
nufa f(s) chi co the co mot trong cac dang sau: f(s) > 0,Vs E (0 ,t) hoac 
f'(s) < 0,Vs E (0 ,t) hoac f(s) co dang — 0 + tren (0 ,t). Tuy nhien trong 
tnidng hdp nao thi f(s) cung chi co the dat ctfc dai tai bien. 

Vay /(s) < max(/(0), f(t )) vdi moi s E [0, t] nen ta chi can chufng minh 
BDT sau nGfa la xong: 

max(/(0), f(t)) < 5/4 


21 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


Muon vay ta chufng minh lan kfdt cac BDT /(0) < 5/4 va f(t) < 5/4. 
Viec chufng minh hai BDT nay deu rat dl dang, nen chung toi de nghi ban 
doc tuf kiem chdng. 

Han nhien cac ban deu dong y ve stf can thiet cua phufdng phap don 
bien ra bien dot vdi bai toan 3. Tuy nhien, co the nhieu ban se cho rang: 
vi bai toan 3 khong dol xiing nen mdi khong xay ra trifdng hdp dau ”=” khi 
co hai bien bang nhau. De phu dinh nhan xet do, chung toi ket thuc muc 
nay bang each ddn ra mot bai toan cua anh Pham Kim Hung tren THTT: 

Bai toan 4. Cho a, b, c > 0, a + b + c = 3. Chufng minh rang: 

(a 3 + b 3 + c 3 )(a 3 b 3 + b 3 c 3 + c 3 a 3 ) < 36(a5 + be + ca) 


Lofi giai: 

Khong mat tong quat co the gia suf a > b > c. Dat 

/(a, 5, c) — 36(a5 + be + ca) — ( a 3 + b 3 + c 3 )(a 3 b 3 + b 3 + c 3 + c 3 a 3 ) 

Khi do /(a, b + c, 0) = 36a(5 + c) — (a 3 + (b + c) 3 )a 3 (b + c) 3 . 

Ta se chufng minh rang /(a, b, c ) > /(a, b + c, 0). That vay, chu y rang: 

36(a6 + be + ca) > 36 a(b + c) 

va 

(a 3 + b 3 + c 3 )(a 3 b 3 + b 3 c 3 + c 3 a 3 ) < [a 3 + (b + c) 3 ]a 3 (b + c) 3 
(vi ta co a 3 + b 3 + c 3 < a 3 + (b + c) 3 va a 3 b 3 + b 3 c 3 + c 3 a 3 < a 3 (b + c ) 3 ) 

Do do ta chi can chdng minh bai toan trong trufdng hdp c = 0, hay 
36a5 > a 3 b 3 (a 3 + b 3 ) <3> 36 > a 2 b 2 (a 3 + b 3 ) 


Dat t = ab, bat dang thufc co the viet lai dtfdi dang t 2 (27 — 9 1) < 36 
t 3 + 4 > 3 1 2 . Nhufng day lai la BDT Cauchy cua ba so i 3 /2,i 3 /2,4. Dang 
thufc xay ra khi c = 0 va a + 6 = 3, ab = 2 hay a = 2,5=l,c=0 (va cac 
hoan vi). 
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*Nhan xet: Mot vi du nita, dan gian han, cua cung tac gia tren Dien Dan 
Todn Hoc: 

” Cho a,b,c> 0, a + b + c = 2. Tim gia tri Idn nhat cua: 

( a 2 — ab+ b 2 )(b 2 — bc+ c 2 )(c 2 — ca+ a 2 ).” 

Bed todn nay khong kho va de nghi ban doc tu giai quyet. 


5. BDT 4 bien. 

Sau khi nam vQng k! thuat don bien vefi 3 so thi cac ban co the doc muc 
nay mot each nhanh chong. Chung toi chi xin kfu y dac thu cua tnfdng 
hop 4 bien: Khi co 4 bien thi ta co the don bien theo tifng cap, va co the 
chufng minh diiOc ngay bai toan (chang han nhtf BDT Cauchy). Tuy nhien, 
thuan loi nay thiidng chi xuat hien trong cac bai toan kha don gian. Doi 
vdi cac bai phufc tap thi thitdng ta chi don diipc 1 cap nhd thuf tii sap diiOc 
giQa cac bien. Sau khi don diiOc hai bien bang nhau (hoac don diiOc mot 
bien ra bien) thi ta chiia co ngay BDT vdi 1 bien, ma phai qua mot BDT 
trung gian (2 hay 3 bien). Tuy nhien thifdng thi cac BDT trung gian nay 
kha de de co the chufng minh trufc tiep hoac danh gia de quy ve 1 bien. Noi 
chung, chung toi nhan manh dieu can thiet d day la cac ban can quan sat 
that kl mol lien he giufa 4 bien de co each xuf ly thich hop. 

Chung ta bat dau vdi mot vi du ”kinh dien” cho ki thuat don bien 
vefi BDT 4 bien. 

Bai toan 1. (IMO SL, Viet Nam de nghi) Cho a, b, c, d > 0, a + b + c+ d = 1. 
Chufng minh rang: 


abc + bed + eda + dab < — 4- —abed 

~ 27 27 

Lofi giai: 

Bai nay dang thde xay ra khi a = b — c — d = 1/4 hoac a = b = c — 
1/3, c = 0. Do do, nhufng danh gia thong thqdng rat de roi vao be tac. 

Dat /(a, b, c, d) = abc + bed + eda + dab — kabed vefi k = Ta co: 

f(a, b, c, d) = ab(c + d — ked ) + cd(a + b) 
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Til do, ta hi vong co f(a, b , c, d) < f(t, t. c , d) vdi t = Vi 0 < ab < t 2 
nen de co dieu nay ta can c + d — kcd > 0. O day rat may man la neu co 
dieu nay co dieu ngrfdc lai, nghla la c + d— kcd < 0, thi BDT ban dau hien 
nhien dung vi: 

f(a,b,c,d) = ab(c+d— kcd)+cd(a + b) < cd(a + b) < ^ ^ ) 3 = 

Vay ta co the gia sd la luon co /(a, b, c, d) < /(^, c, d). Ltfu y la ta 
da thiic hien diicfc viec don bien nhii tren ma khong can bat cd gia thiet 
phu nao ap dat len 2 bien a, b. Do do nhd tinh doi xufng ta co the don 2 
bien bat ki trong 4 bien ve bang nhau. 

Tb do, dat them s — pp ta co: 


f(a, b , c, d) < f(t , t, c, d) < f(t, t. s, s ) = f(t, s, t, s ) 


</( 


t + s l — ,s f . < A — s t + s t + s t + s. _ , 1 1 1 1. 

2 ’ 2 ’ 2 ’ 2 _ ^ 4’ 4’ 4’ 4 


va bai toan chufng minh xong! 


1 

27 


*Nhan xet: 

1) Trong Idi giai tren, thutc chat la cut moi budc ta lai phan ra 2 tritdng hap: 
co mot tritdng hap thi don bien ditcfc va mot tritdng hap ma BDT hien nhien 
dung. Do do, Idi giai khong khoi co phan roi ram. Ban doc nen trinh bay lai 
bang each phan chutng (gia svt co (a 0 , bo, c 0 , d 0 ) sao cho f(a 0 , b 0 , c 0 , d 0 ) > -£f) 
se gon gang va chat che hcfn. Mot each khac la gop cd hai tritdng hap lai: 

f(a,b,c,d) < max{^J(^^-,^^-,c,d)} (1) 


2) O day con co mot each nhin nita, thoat nhin thi khong khac may y d tren 
(tham chi co ve dai ddng hcfn), tuy nhien day la mot kT thuat rat co ich. Y 
titdng nay lay tut anh Phan Thanh Nam va anh Pham Kim Hung tren Dien Dan 
Mathlinks. 

Nhac lai la f(a, b , c, d) = ab(c + d — kcd ) + cd(a + b). Dat g(x ) = ab(c 
d — kcd ) + cd(a + b) thi g la ham tuyen tinh, va ab e [0, t 2 ] (vdi t = pp ) nen 
g(ab) < max{g(0),g(t 2 )}. Chii y g( 0) = /(0, a + b,c, d). Vay ta co: 

/(a, b , c, d) < max{f{ 0, a + b,c,d), f(t , t, c, d)} (2) 
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Vdi each viet trong BDT (2) d tren thi viec cUc tri dat tai tdm hoac tai bien 
la rat rd rang. That ra, trong bai toan nay ta co ngay /(O, a + b, c,d) < T 
va co the chuyen (2) ve (1). Tuy nhien, vdi cac bai pMc tap thi dang (2) se 
to ra rat co ich, dac biet la trong ki thuat don bien tong quat cho n so ma 
chung toi se trinh bay d phan sau. 

3) Cac ban hay tu giai quyet bai toan tUctng tu sau day cua Nguyen Anh 
Cudng. 

”Gia svt x, y , z, t la cac so thUc khong dm thoa man x + y + z + t = 4, 
chutng minh rang: 

3(x 2 + y 2 + z 2 +1 2 ) + 4 xyzt >16 ”. 

Chung ta tiep tuc v6i 1 bai toan ma trong do cac k! thuat don 2 bien 
bang nhau la thtfc stf ro rang. 

Bai toan 2. (Phan Thanh Nam) Cho a,b,c,d la cac so thtfc khong am 
co tong bang 4. Chufng minh bang: 

abc + bed + eda + dab + ( abc ) 2 + (bed) 2 + ( eda ) 2 + (dab) 2 < 8 

Leri giai: 

Ldi giai sau day cua tac gia bai toan. Dat f(a, b, c, d) la VT BDT can 
chufng minh. Ta co: 

a+b a+b 

/(—g’ ~2~ J °^ _ ^ b ’ C ’ ^ 

.a —6. 2/ „ ,a - b. 2r .a + 6. 2 ... , l2 . (a - 6) 2 2 l2 

= (—) :2 (c + d) + (^-) 2 [(^-) 2 + ab\(c 2 + d 2 ) - K ~^ r L <?d 2 

> (—y-) 2 (c + d + Aabcd — 2 c 2 d 2 ) 

Vay neu c+d + ±abcd > 2 c 2 d 2 thi /(^, c, d) > f(a, 6, c, d). 

Ta gia suf a > b > c > d thi theo tren ta co: f(x, x, c, d) > f(a, b, c, d) vdi 
x = Ttfdng ttf, ta xet: f(x, x, - f(x, x, c, d). 

Neu 2x + 4:X 2 cd > 2x 4 thi f(x, x, > f(x, x, c, d). Va ta chi can 

chufng minh f(x, x, y, y) < 8 vcfi x + y = 2. Dieu nay dcfn gian. 

Neu 2x + 4 x 2 cd < 2x 4 thi ta danh gia tiep: 2 xcd + 2 x 2 c 2 d 2 <— 2x 4 nen: 

f(x,x,c,d) — x 2 (c + d) + 2xcd + 2x 2 c 2 d 2 + x 4 (c 2 + d 2 ) > x 2 (c + d) + x 4 (c + d) 2 
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va do x 2 (c + d) < (4/3) 3 nen f(x,x,c,d) <— (4/3) 3 + (4/3) 6 < 8. Bai 
toan chufng minh xong! 

*Nhan xet: 

1) Ve dieu kien c + d + 4 abed > 2 c 2 d 2 de don hai bien a,b bang nhau, ta 
thay chi can ab > cd la du. Dieu do co nghTa la neu gia svt a > b > c > d 
thi ta co the don hai bien bat ki trong 3 bien a, b, c ve bang nhau (hem nita 
neu 2 bien chUa bang nhau thi BDT d day la thvtc svt, nghTa la sau khi don 
bien thi ham f se tang len mot dai lUcfng > 0). Lieu dieu do co dan den: 
f(a, b, c, d) < f(t, t, t, c ) vdi t = a+ ^ +c hay khong? 

Ro rang, neu gia svt f dat cUc dai tai (a, b , c, d) thi theo do ta phai co 
a = b = c. Tren Dien Dan Mathlinks ban Zhao Bin da co mot Idi giai vdi y 
tudng do. Tuy nhien, viec ton tai cUc dai cua ham f (vdi 4 bien) khong phai 
la chuyen hien nhien (mac du no rat ro rang ve mac true giac). 

Mot y nita, la bang each don bien lien tiep giita 3 bien a, b, c ta co the 
dung day so de chuyen qua gidi han va dUa ve 3 bien bang nhau. NhUng mot 
Ian nita, mac du ro rang ve mac true giac nhUng each lam tren khong phu 
hop vdi each tiep can so cap. 

Tuy nhien, trong bai toan 3 ngay ben dudi day chung toi se cung cap cho 
cac ban mot each lam het svtc thu vi de chuyen ve 3 bien bang nhau trong 
nhitng trUdng hop nhu vay. 

2) Noi them ve bai toan 2. Bai nay khong kho va theo Idi tac gia bai toan 
thi no dUOc dat ra de gidi quyet bai toan sau day cua anh Pham Kim Hung: 
’’Chvtng minh rang vdi 4 so khong dm a, b, c , d co tong bang 4 thi: 

1 1 1 1 

--b-~b- 5; 1- 

5 — abc 5 — bed 5 — eda 5 — dab 

bang each svt dung bo de sau day: 

”Cho 4 so Xi > 0 thoa man: Ylt=i( x i + x 2 ) < 8 va Xi + xj < 3 ,Vi ^ j. Thi: 

1111,, 

7-1" 7- d - -b t- < 1. 

5 — x\ o — x 2 5 — x 3 5 — X4 

Bo de nay rat thu vi nhUng no khong nam trong pham vi don bien cua 
chung ta. Tuy nhien, co mot cau hoi la lieu co the gidi quyet bai toan cua 
anh Pham Kim Hung bang each don bien hay khong? Do la mot van de hay 
ma chung toi muon each ban tu minh suy nghl. 
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Trong bai toan sau, cau a) la cua anh Pham Kim Hung, con cau h) 
la mot ket qua manh ma chung toi tim dtfdc. 


Bai toan 3. Cho a, b,c,d> 0, a + b + c+d = 4. Dat F k = (l + a k )(l + b k )(l + 
c k )(l+d k ). Chufng minh rang: 

a) F 4 > F 3 

b) F 2 ^ F x . 

Lofi giai: 

a) Ta se chufng minh BDT nay bang phan chufng. Gia suf ngufdc lai tufc 
ton tai bo bon so (a, b, c, d) thoa man: a, b, c, d > 0, a + b + c + d = 4 va 
F 4 < F 3 ' (1). 

Theo BDT Bunhacopski ta co: F 4 .F 2 > F 3 , F :i .F\ > F 2 , F 2 .F 0 > 
F 2 (2). Tuf (1) va (2) suy ra F 4 < F 3 < F 2 < F\ < F 0 = 16 (3). Tuf (3) ta 
co F 4 < 16 suy ra max (a, b, c, d) < 2. 

De d&n tdi mau thuiln vdi (3), ta se chufng minh F 3 > (4). That 

vay: 


(4) <^> (1 — a + a 2 )( 1 — b + b 2 )(l — c + c 2 )(l — d + d 2 ) > 1 

.3 (2a- l) 2 . .3 (2b — l) 2 3 (2c-l) 2 3 (2d-l) 2 . , 

« (4 + -r-K 4 + — + ” 4 '^4 + “ 4 -' - 1 

, (2a — l) 2 (26 — 1) 2 W (2c-l) 2 (2d — 1) 2 X /4\ 

« (: + V )(1 + " 3~ )(1 + V )(1 + “ s ( 3 ) 


«.(l+a 2 )(l + !/ 2 )(l+2 2 )(l+( 2 )> 


x + y + z +1 


( 5 ) 


(Trong do x — - 


Tuf do xet BDT 


’ y - z - t/T’ 


r, t = 


(1 + A 2 )(1 + B 2 ) > 


1 + 


A + B 


( 6 ) 


^ -(A - Bf( 8 -A 2 - 6AB - B 2 ) > 0 


Ta thay neu A + B < 2 thi BDT nay dung. 

Khong mat tong quat co the gia suf a < b < c < d. Ket hdp vdi a + b + 
c + d = 4 ta de dang chufng minh: r + i<2va?/ + z<2. Do vay theo 
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BDT(6) ta c6: 


(l + x 2 )(l + * 2 ) > 

'>+(¥)' 

2 

(7) 


(l + y 2 )(l+z 2 )> 

i-m; 

2 

(8) 


nhan (7) va (8) ve theo ve suy ra: 




(1 + £ 2 )(1 + tf 2 )(l + y 2 )(l + z 2 ) > [l 


(■*¥■ 

I 2 )]' (9) 

Txi x + t < 2 va y + z < 2 suy 
BDT(6) ta difdc: 

ra: ^ ^ 

< 2. Do do 

lai ap dung 

[l + (^) 2 ][l + (^) 2 ]: 

s 1 ! ^x + y + z + t^j 2 

(10) 


Td (9) va (10) suy ra: 


(1 + x 2 )(l + y 2 )(l + z 2 )(l + t 2 ) > 


1 + 


^x + y + z + t^ 2 


Vay (5) dung suy ra (4) dung (mau thuln vdi (3)). Dieu do co nghia vlec 
gia sd 6 (1) la sai tdc ta co BDT ngiidc lal la F 4 > F 3 (dpcm). 


b) Cau nay manh hdn cau a) do do dung ”manh lcfi” nhtf cau a thi khong 
on, tuy nhien neu ” diking ldn tien cong” thi khong gap van de gi: 

Dat f(a, b, c, d ) = VT — VP ta can chdng minh f(a, b, c, d) > 0. Muon 
vay, triicfc het ta cluing minh menh de sau: 

Menh de: Neu a + 6<2vaa>r>6 thi 
/(a, b, c, d) — f(x, a + b — x,c,d) >0 
That vay: 

f(a, b, c, d) — f(x, a + b — x,c,d) 

= (a — x)(x — b) [(d + l)(c + 1) — ( d 2 + l)(c 2 + 1 )(ab — x 2 + ax + bx — 2)] 
td do sd dung gia thiet de dang suy ra dieu chdng minh. 
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Trd lai bai toan ta c6 the gia sat a < b < c < d. Dat x = a+b + c thi: Chu 
ya + c<2vac>x>a nen ap dung menh de ta co: 

f(a,b,c,d)>f(a + c — x,b,x,d) (1) 

Chu y la x = (a+c-»)+H-x n . n ng - u x = min{x, b, a + c — x} hoac x — 
max{x, b, a+c—x} thi a+c—x = b = x nen f (a+c—x , b , x, d) — f(pc, x , x, d) 
va bai toan chi con 1 bien. 

Gia sut ngUpc lai, khi do co hai tritdng hpp: 
b < x < a + c — x (2) hoac a + c — x < x < b ( 3) 

Lai siS dung menh de cho ta: 

(2) :/(a + c — x,b,x,d) > f(x, a + b + c — 2x,x,d) = f(x, x, x, d) hoac 

(3) :f(a + c — x,b,x,d) > f(a + b + c — 2x,x,x,d) = f(x, x, x, d) 

Noi chung trong tnfdng hpp nao ta cung co 


f(x,b,a + c — x,d) > f(x,x,x,d) (2) 

TCf (1) va (2) suy ra f(a, b, c, d) > f(x, x , x, d). De giai quyet bai toan 1 bien, 
ta thay x = 2±|±£ = V a chdng minh: 

(4) 

That vay: 


( 4 ) ^ ^( d6 ~ 22d5 + 223 d 4 ~ 1268 d 3 + 4210 d 2 - 7564 d + 6364 )(d - l) 2 > 0 
Bat dang thufc cuoi dung nen ta co dieu phai chhng minh. 


*Nhan xet: Viec doi bien trUdc khi don bien cua cau a) la kha ki la va 
dem lai hieu qua khong ngd. Ki thuqt don ve 3 bien bang nhau cua cau b) 
la rat manh, va hoan todn set cap (bdi so bude don bien chi la Mu han). Ki 
thuat nay co the ring dung cytc tot cho cac bdi 4 bien. Hon the, d phan sau 
no se duqc md rong de giai quyet bdi todn vdi n bien. 

Cuoi cung, chung ta den vPi mot vi du cho triiPng hpp don bien ra 
bien. Day cung la mot bai toan cua anh Pham Kim Hung. 


Bai toan 4. Cho a, b, c, d > 0 . Chufng minh rang: 

abed 4 

b 2 + c 2 + d? + a 2 + c 2 + d? + a 2 + b 2 + d? + a 2 + b 2 + c 2 “ a + b + c + d 


29 










Tim tai lieu Toan ? Chuyen nho 


v. toanmath.ci 


Lofi giai: Xet 

f(a,b,c, d) = y^ — - % -—--- 

' a b 2 + c 2 + d 2 a + b + c + d 

4 

Gia sxl a >b > c> d. Ta c6: 


f(a, b, c, d) - f(a, b, Va 2 + b 2 , 0) 


c d 

4 

~ a 2 + b 2 + d 2 + a 2 + b 2 + c 2 

a + b + c + d 

V^Td 2 

4 

[ a 2 + b 2 a 

i + b+ Va 2 + b 2 ' 


(do a 2 + b 2 > c 2 + d 2 nen dl thay BDT tren dung) 

Vay van de con lai la chdng minh /(a, b, \/c 2 + d 2 , 0) > 0. BDT cuoi chdng 
minh khong kho nen xin nhifdng lai cho ban doc. 


*Nhan xet: Cach don bien d tren nharn bao toan tong a 2 + b 2 + c 2 + d 2 . 

Tat nhien, viec nay cung khong phai la dieu qua quan trong, bdi neu thick cac 
ban cung co the bao toan a + b + c + d bang each chvtng minh f(a, b , c, d) > 
/(^ + c, d), sau do danh gia 


x 2 /A + y 2 y 2 /4 + x 2 /2 x + y 

Budc cuoi cung la f(x, y) > 0 (chvtng minh cai nay khong kho cac ban co the 
gia sti x + y = 1 cho gon) 


Den day chung ta tam ket thuc phan don bien cho BDT ”cu the” (co 
3 hoac 4 bien) de btfdc sang phan don bien cho BDT n bien. Nhu chung 
ta se thay, day la mot linh vtfc kho hdn han. Tuy nhien cac ki thuat chinh 
deu dat nen tang thong qua viec khao sat BDT ”cu the”, ma dac biet la 
nhutng tit ttfdng manh nha khi khao sat BDT 4 bien. 
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6. Don bien bang ham loi. 

Cac ban than men, phifcfng phap don bien ma chung ta da tim hieu 
trong cac muc trifdc khong phai la ttf tren trdi rdi xuong. That ra y tifdng 
don bien da the hien rat ro ngay trong cac BDT co dien. Do do neu xep 
theo dong chay thdi gian thi le ra muc nay phai dtfdc neu ra ngay tti dau. 
Tuy nhien, chung toi nghi la se thu vi hdn neu chung ta trd lai goc re sau 
khi cac ban da cam nhan don bien nhtf la mot phrfdng phap ”hien dai”. 

Mot trong nhiing cong cu chinh de don bien trong cac BDT ”dang co 
dien” la ham loi. Day la mot khai niem quen thuoc, tuy nhien de tien ldi 
cho ban doc chung toi xin nhac lai. 

Djnh nghTa: Mot ham so / : [a, b] —> R dtfdc goi la loi neu: 

f(tx + (l-ty)) <tf(x) + (l-t)f(y),Vx,ye [a,b],\/te [0,1] 


*Nhan xet: 

1) Neu f kha vi 2 Ian thi mot tieu chuan rat quan trong de kiem tra tinh loi 
la f"(x) > 0,Vx e (a,b). 

2) Neu f loi thi f lien tuc. NgUctc lai, neu f lien tuc thi tinh loi cua f la 
tUctng dUctng vdi dieu co ve ”yeu hem” la: f(^-) < 

Cac ban co the thay, dinh nghla ham loi da danh ngay vao muc tieu 
don bien. Chung ta co ngay ket qua quen thuoc sau: 

Djnh ly: (BDT Jensen) Cho / la ham so loi [a, b] —>• R. 

(i) Vdi Xi la n so thuoc [a, b] ta co: 

, Xj+X 2 + +X n < f(Xj) + f(x 2 ) + ... + f(x n ) 
n ~ n 

(ii) Vdi Xi la n so" thuoc A va \ la n so" khong am co tong bang 1 ta co: 

f{\\X\ + A 2 X 2 + ... + A n x n ) < Xif(xi) + \ 2 f(x 2 ) + ... + Ai f(x n ) 

Nhdng ket qua tren la quen thuoc va chung toi bo qua chdng minh. 
Thay vao do chung toi dSn ra day mot chufng minh cho BDT Cauchy bang 
each dung ham loi. Nhac lai: 
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Bai toan 1. (BDT Cauchy) Cho n so thtfc diicing x t . Chdng minh rang: 


X\ + X2 + ••• + x n 
n 


> Tjx\X2-..x n 


Lofi giai: 

Lay logarit 2 ve, ta chuyen ve dang: 

.xx + x 2 + ... + x n . ln(x i) + ln(x 2 ) + ... + ln{x n ) 

n ~ n 

Ham so f(x) — ln(x) di tif R + —> R kha vi 2 lan va f'(x) — —x~ 2 < 0, Vx > 
0 . Do vay ham g(x) = —f(x) se thoa g"(x) > 0,\/x > 0. Vay g loi. Th do, 
ap dung BDT Jensen ta co ngay dieu phai chhng minh. 

*Nhan xet: Mot each khac rat thong dung dung de chutng minh BDT Cauchy, 
do la chvtng minh quy nap theo n. Cach lam do rat hay, den noi ta co cam 
giac la ”cai gi dung cho n = 2 thi cung dung cho n tuy y ”. Cac ban hay 
quan sat kT each chutng minh do, roi chutng minh lai BDT Jensen, cac ban se 
thay ham loi la mot tong quat noi len ban chat cua van de. 

Ham loi co the hng dung trong rat nhieu BDT co dien, va nhufng BDT 
co dien nay lai giai quyet dtfdc rat nhieu bai toan khac. Tat nhien, no 
khong phai la mot cong cu ’’van nang”, tuy nhien neu biet sh dung kheo 
leo thi she manh cua no khong nho. Chung toi din ra day mot vi du cho 
thay chung ta khong the ap dung ham loi de cho ngay ket qua, song no 
giup giai quyet dpdc mot trPdng hdp quan trong ma cac trPdng hop con lai 
co the chhng minh ddn gian bang each nay hay each khac. 

Bai toan 2. Cho cac so" thrfc x, y, z co tong bang 1. Chufng minh rang: 

x y z 9 

1+x 2 + 1+y 2 + 1+z 2 ~ 10 


Ldi giai: 

Xet f(t) = thi BDT can chhng minh dicing dtfqng: 

f(*)+m+f(z)<3f( x+ l + * ) 
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Do do, neu 
Ta co: 


—/ la ham lol thi coi nhii bai toan diidc giai quyet. 


-nn 


2t(3 -1 2 ) 
(1 + t 2 f 


nen — f"(t ) > 0, \/t e [0, \/3]. Vay neu x,y,z € [0, -\/3] thi bai toan difdc giai 
quyet. 

Trong triidng hdp con lai thi chac chan ta se co dau BDT thiic sii. Do 
vay cuf viec chia thanh nhieu triidng hdp con de xet. 

Co the gia sh x > y > z kfu yx + y + z — lvax,y,z^ [0,1] nen z phai 
am suy ra f(z) < 0 

*Neu y am suy ra x dicing va f(y) < 0, ta co f(.r) 4- f(y) + f(z) < f(x) < 
1/2 < 9/10 

*Neu y dUdng suy ra x difcfng va lu'u y f(y), f(x) nghich bien tren [\/3, +oo] 
do do f(x) + f(y) + f(z) < f(x) + f(y) < /(V3) + f(V 3) < 9/10 
Bai toan chdng minh xong. 


*Nhan xet: Tat nhien Idi giai tren chUa phai la ngan gon so vdi nhieu 
Idi giai khac cho bai toan nay ma chung toi dUctc biet. Tuy nhien tu tudng 
cua no hoan toan trong sang. O day, neu thay vi mong muon don bien toan 
cue (don 1 Ian 3 bien) bang viec hi vong hop ly hon la don duoc 2 bien ve 
bang nhau thi Idi giai se ngan hon. That vay, neu co 2 trong 3 bien x,y,z 
thuoc doan [0, \/3] thi dung ham loi ta don duoc 2 bien nay ve bang nhau, va 
bai toan chi edn 1 bien, xem nhu giai quyet xong. Trong phan edn lai thi viec 
chia trUdng hop se dcfn gian hon. Nhu vay, chung ta co them mot ki thuat de 
don 2 bien ve bang nhau la sit dung ham loi. 

Mac du day la mot cong cu tot, nhitng mot diem yeu rat de nhan ra la 
trong BDT, cac bien phai ndm trong cac bieu tMc doc lap nhau (de co the 
viet thanh dang f(x\) + ... + f(x n )). Trong khi do, nhitng BDT ma ta da gap 
phan Idn khong co dieu do, va ta se phai lam viec vdi dang tong quat hon 
la /(xi, ...,x n ). Chung ta se phai thiet lap cac ket qua ve don bien cho dang 
tong quat nay d muc sau. 


Nhii da noi d tren, vdi ham loi thi y tiidng don cac bien ve bang nhau 
the hien ngay tii dinh nghia. Tuy nhien, dieu bat ngd la ki thuat don bien 
ra bien cung co the thiic hien thong qua ham loi. Cac ban co the thay ngay 
dieu do qua ket qua sau day: 
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Djnh ly: Cho / : [a, b] —> R la mot ham 161. Khi do: 

f(x) < max{f{a), /(&)}, Vx e [ a,b ] 

Chtfng minh: 

Vi / lien tuc nen / dat gia tri ldn nhat tai x 0 e [a, b], Xet khi |x 0 — a| < 
|x 0 — b | (nghia la x 0 gan a hdn b). Thi x\ — 2x 0 — a e [a, b\. Khi do theo 
dinh nghia ham loi ta co: 

/(«) + f(x i) > 2 = 2 f(x Q ) 

suy ra /(a) = f(x 0 ). Vdi x 0 gan b hdn a thi chufng minh ttfdng ttf. 

*Nhan xet: De cac ban co the cam nhan ”cai dung” cua dinh ly tren chung 
toi se neu ra mot hinh anh khi f"{x) > 0, Vx e (a, b). Khi do, f dong bien 
nen chi co toi da 1 nghiem tren (a, b), noi each khac la chi doi dau toi da 1 
Ian. Do do f se roi vao cac trUdng hop sau day: dong bien, nghich bien, ”di 
len roi di xuong”, hoac ”di xuong roi di len”. Va trong trUdng hop nao ta 
cung thu dUctc ket qua can thiet. (Mot cMng minh khac trong trUdng hop nay 
la gia sit f dat cUc dai tai x 0 e (a, b ) thi f"(x 0 ) < 0, mau thuan.) 

Chung toi se ddn ra day 2 bai toan ma chung thilc stf la cac bai toan 
kho cho du giai bang bien doi dai so" hay quy nap. 


Bai toan 3. Cho 0 < p < q, va n so thvfc Xi e \p,q\. Chufng minh rang: 


(xi + X 2 + ... + x n )( -1-h ... H-) < n 2 + — 

Xi x 2 x n 

trong do ki hieu [x] la chi phan nghuyen cua x 


n 2 ] ( p-qf 


(*Ghi chu: Day la mot bai tong quat, trong do trUdng hop n = 5 Id bai 
USAMO 77, edn n = 3 la de thi Olympic 30 — 4 ndm 2001 ) 


Lofi giai: 

Tuf gia thiet Xj e \p, q], ta dl dang doan rang: GTLN se dat dtfdc khi 
Xi e [p.q] vdi moi i. Khi do, g/s trong n so x* co k so p va n — k so q thi: 

VT = (kp +(n- k)q)(— + = k 2 + (n - k) 2 + k(n - k)(^- + 

q q q p 
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= n* + k(n -k) ^- 9)2 = »» + i [n* - (n - 2kf] - q A 

pq 4 J pq 

Vi k nguyen nen n 2 — {n—2k) 2 < n 2 (khi n chan) va n 2 —(n—2k) 2 < n 2 —1 
(khi n le). Tii do, ta thu difdc BDT ban dau dong thcii chi ra luon trifdng 
hdp dau bang xay ra. 

Den day, ta chdt nhan ra: mau chot cua van de chi la nhan xet: ”GTLN 
se dat difdc khi x$ — p hoac Xi = q vdi moi i”. Va that bat ngd, nhan xet 
nay chutng minh rat de. 

Vdi moi i, ta xem ve trai la mot ham theo x it ta se chufng to: f{xi) < 
max{f(p ), f(q)} , va dau bang xay ra khi va chi khi x$ e {p, q}. 

Ta co: /(x) = Ax + — + C. Co the khao sat ham de ra ngay ket qua (suy 
ra luon dau bang xay ra khi x$ e {p, g}). Song 6 day trinh bay mot each sd 
cap hdn. De y: 

- f(p) • fa-p){A - 

XiP 

f{xi) ~ f{q) = &i ~q)(A~ 

Tif do neu /(xj) > max{f(p), f(q)} thi ro rang x\ £ {p,q} va: 


mau thu&n p < q. Vay f( Xi ) < max{f(p)J(q)}. 

Can noi them ve trifdng hdp dau bang: g/s /(xj) = max{f(p), f(q)} ma 
Xi i {p, q}. Neu f( Xi ) = f(p) thi A = ^ khi do /(x*> - f(p) < 0 

(mau thuin). Tifdng tif, neu /(xj) = f(q) cung mau thu&n. Vay /(xj) = 
max{f(p), f(q)} tifdng difdng vdi Xj e {p, q} 


*Nhqn xet: Ta co bai todn md rong sau: 

”Cho ai G [a, A], bi e [6, B] vdi 0 < a < A va 0 < b < B. Tim gia tri Idn 
nha't cua 


( a 2 + ... + a 2 n )(b 2 + ... + b 2 n ) „ 
Cllbi T Clribn 


Nhd todn hoc Polya da cho mot chan tren la: \ 


2 


Bai toan tren mang y nghia la tim chan tren cua BDT Bunhacopski, 
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mot dieu rat tii nhien difpc dat ra la chan tren cua BDT Cosi la gi ? Neu 
ban to mo thi hay xem tiep bai toan sau day: 


Bai toan 4. (Phan Thanh Nam) Cho 0 < a < b, va n so thiic Xi e \p, q\. 
Chufng minh rang: 


T = *-l + X -l + ... + ^< n+ m 

x 2 x 3 x 1 L2J 


(p - q) 2 

pq 


Lofi giai: 

Vcfi mol i, thay Xi bcfi p hay q thi It nhat mot trifcing hdp T phai tang 
len, va neu T khong tang thi buot Xi e { p , q}. 

Cho i chay th 1 tdi n, vdi m6i i ta thay Xi bcfi p hay q sao cho T tang 
len (hoac giuf nguyen neu hai trifcing hop deu khong tang) 

Sau bode bien doi tren ta da co x^ e \p , q] vdi moi i. Neu Xi = q vdi moi 
i thi T = n, khong phai GTLN, do do chi can xet khi dx* = p.Do hoan vi 
vong quanh nen co the gia suf X\ = p. Khi do bat ke x 3 — p hay q ta thay 
x 2 bcfi q thi T vin khong giam. Sau khi thay x 2 bdi q ta lai thay x 3 bcfi p 
thi T vin khong giam ... Cd nhif vay ta xen ke p, q cho tdi so x n thi T vin 
khong giam. Sau khi thife hien qua trinh nhif tren luc nay ta co 

T = —+ -) (neu n chan) va T = —-(->'■#»■ -) + 1 (neu n le) 

2 q p 2 q p 


Ta viet lai 2 trifdng hop difdi dang: 


T = n + 


rni (p - qf 
L2J pq 


, Vn 


va day chinh la ve phai BDT can chufng minh. Dang thufc xay ra khi 
x i ^ {Pi ?} xen ke ke td x\ tefi x n (khong ke vong x n , xi). Bai toan den 
day diipc giai quyet tron ven ! 


Nhif vay, chung ta co the thay y tifdng don bien da xuat hien rat sdm 
ngay trong each tiep can co dien. Chung ta da gap lai 2 ki thuat don bien 
quan trong <5 cac muc trifcfc la: don bien ve tarn va don bien ra bien. Dac 
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biet trong triidng hdp cufc tri dat diidc tai tam, ham loi con cho ta mot kieu 
don bien nufa rat thu vi ma chung ta se tim hieu d muc sau. Mac du vdi 
mot loat cac bai BDT xuat hien gan day thi co ve nhuf cong cu co dien la 
khong du (hoac rat kho khan), nhiing mot lan nufa, chung toi nhan manh 
tam quan trong cua nhflng y tiidng ”co dien”, ma diia vao do chung ta mdi 
co the ”ddng tren vai nhijfng ngrfdi khong 16”. 


7. Don bien ve gia trj trung binh. 

Cho den bay gicf, trong phuong phap don bien cua chung ta, so" lan 
thqc hien thao tac don bien luon la hi3u han, nhd do ldi giai la ro rang va 
hoan toan sO cap. Day la mot dieu rat tot ma chung toi muon duy tri tiep 
tuc trong muc nay. 

Trrfcfc het, chung toi gidi thieu them mot each don bien nufa danh cho 
ham loi. Ta se goi day la kl thuat don bien ve gia tri trung binh, ma cac 
ban se thay ro dieu do qua ket qua sau: 

Djnh ly: Cho / la ham loi [a, b] —> R. Ta co: 

f(a) + f(b) > f(x) + f(a + b - x), \/x e [a, b} 


Chuiig minh: 

Vi r G [a, b} nen: x — ta + (1 — t)b vdi t e [0,1]. Khi do: a + b — x — 
(1 — t)a + tb. Ap dung dinh nghla ham loi, ta co: 

f(x) + f(a + b- x) = f(ta+ (1 - t)b) + /((1 - t)a + tb) 

< [tf(a ) + (1 - t)f(b)} + [(1 - t)f(a) + tf(b )] = /(a) + f(b) 

Ung dung ket qua nay, ta co ngay chdng minh cho BDT Jensen. Nhac lai: 

Djnh ly: (BDT Jensen) Cho / la ham so loi [a, b] —> R. Thi vdi Xi e [a, b] 
la n so" co trung binh cong bang T, ta co: 

f(x i) + f(x 2 ) + ••• + f(x n ) > nf(T) 


ChiJng minh: 

Ta cho thiJc hien thuat toan sau: 

* 61/60 1: Neu x t = T, Vi thi dufng lai. Neu khong thi qua btfdc 2. 
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* 61/60 2 : Vi khong co x* = T, Vi nen phai co 1 bien ldn hdn hdn T va 
1 bien nho hdn T, ma ta co the gia stif la aq > T > x 2 . Khi do thay bo 
(aq, x 2 ,x n ) bdi bo (T, xfzfe x 2 — T ,..., x n ). Sau do trd lai btfdc 1. 

Nhtf vay mdi lan thtfc hien btfdc 2 thi bo mdi cung co trung binh cong 
la T, tuy nhien no lam cho bieu thufc / tang len. Mat khac mdi lan thiic 
hien btfdc 2 thi so" bien bang T tang len it nhat la 1, do do sau htfu han (co 
the lay la n — 1 ) lan thtfc hien btfdc 2, ta se phai dtfng lai d btfdc 1. Chu y 
la trong qua trinh thay the thi bieu thdc / tang len, do vay ta co dieu phai 
chdng minh. 


Vay la chung ta co them mot each don bien mdi. Sd di chung toi 
khong dtfa each don bien nay ra d cac muc trtfdc, la vi no chi co gia tri khi 
don bien ve tarn, ma khi do vdi n — 3 thi ki thuat don 2 bien ve bang 
nhau da du sd dung. Tuy nhien, ki thuat nay se phat huy tac dung khi so - 
bien tang len, cu the la vdi trtfdng hop n bien tong quat. Ly do kha don 
gian: trong BDT vdi n bien, cho du ta don dtfOc 2 bien ve bang nhau thi 
cung chtfa thu dtfOc gi dang ke, va trong trtfdng hop do thi sau htfu han lan 
don bien van khong the dtfa dtfOc ve trtfdng hop 1 bien (chtf chtfa noi la 
dtfa dtfOc ve trtfdng hop cac bien bang nhau). Tuy nhien, neu sd dung ki 
thuat don bien ra bien hoac don bien ve gia tri trung binh thi tinh hinh 
lai khac: sau mdi lan don bien thi so - ltfOng bien co gia tri co dinh tang len 
(la gia tri tai bien hoac gia tri trung binh), do do chi can htfu han lan don 
bien ta se dtfa dtfOc tat ca cac bien ve cac gia tri co" dinh va bai toan xem 
nhtf giai quyet xong. 

Tat nhien, kha nang de co the don 1 bien bat ki ve bien hoac gia tri 
trung binh la khong cao. Tuy nhien, cai quan trong la tinh than cua no: 
don 1 bien ve gia tri co" dinh. Ban doc co the thay y ttfdng nay ctfc ki hieu 
qua trong trtfdng hop 4 bien (xem cau c), Bai toan 3, $5). Trong muc nay, 
chung toi tiep tuc gidi thieu 2 bai toan khac, ma trong do y ttfdng don bien 
ve gia tri trung binh da cho ldi giai bat ngd. Day la 2 bai toan dac sac cua 
anh Pham Kim Hung, ma viec giai quyet chung da dem lai cho chung toi 
nhieu y ttfdng mdi cho phtfOng phap don bien. 

Bai toan 1. Cho n so" thtfc dtfOng oq, a 2 ,..., a n co tich bang 1 . Chdng minh 
rang vdi k = 4(n — 1 ) ta luon co: 


1 

at 


OjI + Ol + ••• + ctn 


k 

- > n H— 


(1) 


Ldi giai: 
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Vdi n — 1, n — 2 thi bai toan ddn gian, nen dtfdi day ta xet khi n > 3. 
Trifcic het, ta khao sat cac triicing hdp c6 the ddn bien va rut ra: 

Menh de 1: Ki hieu f(ai, a 2 , •••, a n ) la bieu thufc ve trai BDT can chufng 
minh. 

(i) Neu ai < x < a 2 va aia 2 < 1 thi 

/(ai, a 2 , ...,a n ) > f(x, a 3 , a n ) 
x 

(ii) Neu (1 - ai)(l - a 2 )[kaia 2 - (X)”' 1 cti)(Yli =3 a * + °i a 2 + 1)] > 0 thi 

a 2 ,.... a n ) > /(1, aia 2 , a 3 ,a n ) 

(iii) Neu ai, a 2 > 1 > a 3 thi: 

/(ai, a 2 ,..., a n ) > min{/(l, aia 2 , a 3 ,a n ), /(l, a 2 , aia 3 , aictj,..., a n )} 

CMng minh menh de 1: 

De viet cho gon ta dat A = X)” =3 a «- 

(i) Ta co: 

f(ai, a 2 , ....u„) - /(x, a 3 , ....a„) 

x 

1 1 1 x & 

oi o 2 x uio 2 .4 + ojjHjp o 2 A-\- x -\- ai ^ 2 
(■x — ai)(a 2 — x)[(t 4 + ai + a 2 )(^4 + a; + — kaia 2 ] 

aia 2 (^4 + a\ + a 2 )(^4 + a: + 

Theo BDT Cauchy: 

(A + ai + a 2 )(A +JM——-)) >n 2 > 4 (n — 1) = k > ka\a 2 
x 

va ta co dpcm. 

(ii) Cung ttf dang thufc d tren cho x = 1 ta co: 

/(ai, a 2 ,...,«„) - /(l, aia 2 , a 3 , 

(1 — cti)(l — a 2 )[fcaia 2 — (^4 + ai + a 2 )(^4 + aia 2 + 1)] 
aia 2 (A + ai + a 2 )(^4 + aia 2 + 1 

va ta co dpcm. 

(iii) Xet hai trifdng hdp: 
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TrUdng hap 1: Neu ka\a 2 > (E"=i a *)((Er =3 a i + a i °2 + 1)]) thi dung (ii) ta 
co f(ai, a 2 , > /(1, aia 2 , a 3 , a n ). 

TrUdng hap 2: Neu kaia 2 < (E"=i a *)((Er =3 a i+ a i a 2 +l)]) thi vi a 3 < 1 < a 2 
nen: 

&oqa 3 < (^a*)(^ a* + aia 3 + 1) 

i =1 i/1,3 


(that vay: 


Z* 1)3 a i + a i°3 + 1 _ E"=i Oj — ai — a 3 + 1 ^ 

aia 3 aia 3 

> Y!i= 1 - «1 - «2 + 1 +1 _ Er=3 a i + Q 1 Q 2 + l x 

aia 2 aia 2 

Do do, dung (ii) ta co: f(a\, a 2 ,..., ..., a n ) > /(1, a 2 ,..., aia*,a n ). 

Menh de 1 chufng minh xong! No se cho phep ta difa bai toan ve 1 bien. 


Menh de 2: Ta se luon difa difdc bai toan ve trifdng hdp co n — 1 bien 
bang nhau va < 1. 

CMng minh menh de 2: 

*Bir6c 1: Difa ve trifdng hdp con-1 bien < 1. 

Gia siS con co nhieu hdn 1 bien ldn hdn 1, ma ta co the gia sb la oq, a 2 . 
Thi sb dung menh de 1 (iii) ta luon co the thay bo (oq, a n ) bdi 1 bo khac, 
vfin co tich bang 1, lam cho / khong tang, va hdn nfla co so bien bang 1 
tang len it nhat la 1. Do do sau hQu han lan thay (khong qua n — 1) ta se 
co difdc n — 1 bien < 1. 

*Bu’6c 2: Difa n — 1 bien < 1 ve bang nhau. 

Gia suf oq < a 2 < ... < a n - 1 < 1 la n — 1 bien co trung binh nhan la 
x. Neu n — 1 bien nay chifa bang nhau thi oq < x < a n - 1 va dung menh 
de 1 (i) ta co the thay bo (ai, a 2 ,a n _i, a n ) bdi (x, a 2 , aia ™~ 1 ; a n ). Khi 
do / khon giam va so bien bang x tang len it nhat la 1. Ta cung lifu y la 
aia "~ 1 < ^ < 1 (vi ai la so nho nhat trong n — 1 so ai,..., a„_i nen a i < x), 
do do viec thay the nay v&n dam bao n — 1 bien deu < 1, dieu do cho phep 
viec thay the co the thifc hien lien tiep. Vay sau hflu han (khong qua n — 1) 
lan thay the ta se co n — 1 bien < 1 deu bang nhau. 


Cuoi cung, ta giai quyet bai toan 1 bien, the la chufng minh: 

f(x, x,...,x, j-) > /(1,1,..., 1) vdi x < 1 
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Dat: 


. . 1 . n — 1 , k 

g(x) := j{x,x, ...,x, n _ l ) = -1- x + 


(n — l)x + -i-i 


vdi x G (0,1]. 
Ta c6: 


... n— 1 , . „_ 9 k[n — 1 — ^] 

g {x) - — + (n- l)x n - — -—— X 1 

x 2 ((n- l)x + -^ T ) 2 

= ( "- i)fL ^( ( ( :: iuu y 14 *= 4 (n-1) 


Ta thay ngay g(x) < 0 vdi x e (0,1], nen g(x) > g(l) va ta co dpcm. 
Bai toan chufng minh xong! 


*Ghi chu: Bai toan ban dau cua anh Pham Kim Hung la vdi k = 3 n, n > 4. 
Ket qua d day manh hem, va nhu cac ban thay trong chtfng minh cho trUdng 
hop 1 bien thi so k — 4 (n — 1) ’’hop ly” hem. 


Bai toan 2. Cho n so thufc diicing ai,a 2 , ...,o n co tich bang 1. Chufng minh 
rang: 

(1 + a 2 )(l + a 2 ). ..(1 + Ct 2 ) < ^2n-2 ( Ql + a 2 + ••• + Cl n ) 2n 2 

Lofi giai: 

Vdi n — l,n = 2 thi dcin gian nen ta chufng minh cho n > 3. Ta 
thay bai toan tiidng dufeing vdi f(ai, a 2 , a n ) > 0 va cung tufeing dufong vdi 
g(ai , a 2 , a n ) > 0, trong do: 

f(ct i, a 2 , a n ) = k{a\ + a 2 + ... + a n ) 2n 2 — (1 + g 2 )(1 + &|)...(1 T Q 2 ) 
g(ai, a 2 , ...,a n ) = In (k) + (2 n — 2) ln(ai + a 2 + ... + a n )+ 

— ln(l + a 2 ) — ln(l + a 2 ) — ... — ln(l + a 2 ) 

(ve viec tai sao phai xet ca / va g se binh luan d sau) 

Khao sat sd bo cac trufdng hdp co the don bien, ta co: 

•Menh de 1: 

(i) Neu ai > 1 > a 2 , a 3 thi: 

/(ai, a 2 , ...,a n ) > min{f(l, aia 2 , a 3 ,..., a n ), /(ai, 1, a 2 a 3 ,..., a n )} 


41 




Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


(■ii) Neu ai = max{a i } 1 l =l va ai > x > a 2 > 1 thi: 

g(a i, a 2 ,a n ) > <?(£, —-, a 3 , a n ) 
x 

Chifng minh menh de 1: 

( i ) Xet cac hieu 

f(ai, a 2 ,a n ) - /( 1 , aia 2 , a 3 ,..., a n ) 

= ks 2n ~ 2 - ku 2n ~ 2 + [ 2(1 + a 2 a 2 ) - (1 + a 2 )(l + a^Kl + a 3 )...(l + a 2 n ) 
(vdi s = Oi + o 2 + ... + o n , u — 1 + oio 2 + ... -b o n ) 

= /c(ai + a 2 — 1 — oio 2 )(s 2n 3 rh s 2n + ••• + o 2n 3 )+ 

+(1 — a 2 )(l — 0^(1 + a 3 )...(l + a 2 ) 

= —(1 — Oi)(l — a 2 )[k(s 2n 3 + ... + u 2n 3 )+ 

— (1 + ai)(l + o 2 )(l + o 3 )... (1 + a 2 )] 

Si3 dung lai dang thufc d tren vdi a 3 doi ch 6 cho ai, ta co: 

/(ai, a 2 ,..., a„) - /(ai, 1 , a 2 a 3 ,..., a n ) 

= —(1 — a 2 )(l — a 3 )[/c(s 2n 3 + ... + v 2n 3 )+ 

— (1 + a 2 )( 1 + a 3 )(l + a 2 )(l + a 2 )...(l + a 2 )] 

(vdi v — 1 .. 4 'o 2 o 3 + ai + 04 + ... + a n ) 

Tif 2 dang thufc d tren, ta thay: 

* neu k(s 2n ~ 3 + ... + u 2n ~ 3 ) - (1 + ai)(l + a 2 )(l + a|)...(l + a 2 ) > 0 (2) 

Thi /(ai, a 2 ,..., a n ) > /(1, aia 2 , a 3 ,..., a n ) 

* neu /c(s 2n_3 + ...+i; 2n “ 3 )-(l + a 2 )(l+a 3 )(l+af)(l+a 2 )...(l+a 2 ) < 0 (3) 

Thi /(ai, a 2 ,..., a n ) > /(l, aia 2 , a 3 ,..., a n ) 

Do do, ta chi can chifng minh trong 2 BDT ( 2 ) va (3) co it nhat mot cai 
dung la xong! Chang han, ta gia sijf ( 2 ) sai, va se chufng minh (3) dung. 
Muon vay, ta chi can chufng minh: u > v va (l + ai)(l + a|) < (l+a 3 )(l + a 2 ) 
la xong! Dieu nay co difdc tuf viec tinh toan ddn gian: 


u — v = a 3 + ai a 2 — 01 - a 2 a 3 = (1 - a 2 )(oi - a 3 ) > 0 

(1 + ai)(l + 03 ) - (1 + a 3 )(l + a 2 ) = (a 3 - oi)(oia 3 + ai + a 3 - 1 ) < 0 

Vay menh de ( i) cluing minh xong! 

(ii) V 6 i viec xuat hien ham In ta khong the xet hieu roi bien doi, ma thay 
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vao do ta dung dao ham. 

Xet: 

g(t) = In (k) + 2 (n - 1) \n(tai + y + a 3 + ... + a n )4? 

— ln(l + t 2 a\) — ln(l + ^|) — ln(l + a\) — ... — ln(l + a 2 ) 

vdi t G [y/a 2 /a i, 1]. 

Ta co: 

_ 2(n - l)(ai - f) _ 2ta\ - ^ 

9 ta\ + y- + a 3 + ••• + On (1 + t 2 a 2 )(l + |f) 

_ 2( a -^1)\ _ ( w ~ 1 ) _ tai + f i 

t 2 tai + y + a 3 + ••• + (1 + £ 2 af)(l + ff) 

Vi £ G [\/a 2 /ai, 1] nen ai — ^ > 0. Do do, goi T la thiia so con lai, ta chi 
can cluing minh T > 0 la co the suy ra g dong bien (tren [y/a-zfa i, 1]). 

De viet cho gon, ta dat 

c = \j(1 + t 2 a 2 )( 1 + d = ta\ + — 

Ta co: 

T >0 <=> — -—— -> «=>■ (ra — l)c 2 > d 2 + d(a 3 + ... + a n ) 

d + 03 + ... + a n c 2 

Vi c> d (BDT Bunhiacopski) nen de co BDT tren ta chi can: 


(n — 2)c ^03 + ... + a n 


Dieu nay dung vi c > aia 2 > ai > max{a 3 , ...,a n }. 
Lay t 0 = max{x, ga ^ 2 -}/ai, thi 


/a 2 aia 2 a 2 . aia 2 

to G L /—. l\,t 0 ai = max\x. -}. — = rmn\x. -} 

V ai x to x 


Vi g dong bien tren [\/a 2 /ai, 1 ] nen < 7 ( 1 ) > g(t 0 ) va ta co dpcm. 

Vay menh de (ii) cluing minh xong! Menh de 1 cluing minh xong! 
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Trd lai bai toan, ta se noi la bo (ai, a 2 , •••, a n ) diidc thay the bdi bo 
(bi,b 2 , ...,b n )) neu f(ai, a 2 ,a n ) > f(bi, b 2 ,..., b n ) hoac g(ai, a 2 ,..., a n ) > 

0(fci,&2,-,&»)* 

Menh de 2: Luon diia difdc ve trifdng hop co n — 1 bien bang nhau > 1. 

Chifng minh menh de 2: 

*Bu6c 1 : Diia ve trifdng hop co n — 1 bien > 1. 

Gia sd con co 2 bien a 2 , a% < 1 . Khi do phai co 1 bien > 1 , ma ta co the 
gia sd la a\. Sd dung menh de 1 (i), ta co the thay bo (ai,a 2 , bdi bo 

(1, aia 2 , <23, a n ) hoac bo (ai, 1, a 2 a 3 , a n ). Chu y la cho du thay bdi bo 
nao, thi so cac bien bang 1 cung tang len it nhat la 1. Do do, dong tac thay 
the nay se phai dhng lai sau khong qua n — 1 lan. Khi do, ta se co n — 1 
bien > 1 . 

* 61/60 2 : Ta chdng minh luon co the thay n — 1 bien > 1 bdi trung binh 
nhan cua chung. That vay, gia sd oq > a 2 > ... > a n _ 1 > 1 > a n va 
dat x = n ~J/ai, a 2 , ..., a re _ 1 > 1. Neu trong n — 1 bien dau tien vln con 
bien khac x thi ai > x > a n -\. Sd dung menh de (ii) ta co the thay bo 
(ai, a 2 , ..., a n _i, a n ) bdi bo (x, a 3 , ..., a n ). Chu y la aia "~ 1 > a n _ 1 > 1 
(vi ai la sd ldn nhat trong cac sd nen a\ > x) cho nen viec thay 

the nay vln dam bao n — 1 bien dau tien > 1 (de co the thay the lien 
tiep). Chu y rang sau khi thay the thi sd bien bang x tang len it nhat la 1. 
Do do, sau khong qua n— 1 lan thay the thi ca n—1 bien dau tien deu bang x. 


Cuoi cung ta giai quyet bai toan 1 bien. 

Xet ham sd h(x) := g(x, x ,..., x, ~x=r) 

= ln(/c) + 2 (n - 1) ln((n - l)x + - (n - 1) ln(l + x 2 ) - ln(l + ^_ 2 ) 

vdi x > 1. 

Ta co: 


h\x) = 2 (n - 1) 


n — 1 — ^2 
(n — l)x + 


2 (n — l)x 
1 + x 2 


2(n-l) 

1 + JK=T 


2(n — 1) f {n— l)(x n — 1) x 2 1 \ 

x \ (n — l)x n + 1 1 + x 2 1 + x 2n ~ 2 ) 

2(n — 1) /(n — l)(x n — 1) x 2n — 1 \ 

x V (n — l)x n + 1 (1 + x 2 )(l + x 2n ~ 2 )) 
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Chu y la x > 1 nen de c6 h'(x) > 0 ta chi can: 

n — 1 x n + 1 

(n — l)x n + 1 — (1 + x 2 ){\ + x 2n ~ 2 ) 

Ta dat dufdc dieu nay bang danh gia dcfn gian: 

n — 1 1 x n + 1 

(n — l)x n + 1 — x n + 1 ~ (1 + x 2 )(l + x 2n ~ 2 ) 

(Co dau > thd hai la do BDT Bunhiacopski ) 

Vay vdl x > 1 thi h'{x ) > 0 nen h{x) dong blen, suy ra h(x) > h{ 1) = 0 va 
ta co dpcm. 

Vay bai toan chdng minh xong! Dang thufc xay ra khi va chi khi a\ = a 2 = 
... — a n — 1 vdi n > 3 (con vdi n = 1, n = 2 thi co dang thufc). 

*Nhan xet: 

1) Bai todn nay do anh Pham Kim Hung dat ra ditdi dang bai todn md va 
cMng minh tren day cua chung toi la chting minh dau tien cho no. 

2) O day viec xet dong thdi 2 ham f,g cho phep ta md rong kha nang don 
bien: khi thi xet f dcfn gian hem, khi thi xet g don gian hetn. Trong bai todn 
1 thi vi van de dem gian hem nen chi can mot ham f la du. 


8. Djnh ly don bien tong quat. 

Cac ban than men, noi ve cac dinh ly don bien phai nhac tdi 2 ket 
qua dau tien het suite an tifpng, la dinh ly don bien manh (SMV) cua anh 
Pham Kim Hung va dinh ly don bien khong xac dinh (UMV) cua ban Dinh 
Ngoc An. Trong do, ’’xifdng song” cua cac dinh ly nay la bo de day so) mot 
ket qua cho ta cam giac ro rang the nao la don bien. 

Trong muc nay, chung toi se cung cap cho cac ban mot dinh ly don 
bien rat tong quat — dinh ly GMV cua anh Phan Thanh Nam — vefi mot 
each tiep can mdi. Co the trinh bay ngan gon bang each ddn ra dinh ly va 
chufng minh no, tuy nhien chung toi khong lam nhuf vay vi muon chia se 
vdi cac ban ca con dudng (trong tuf duy) de xay diing no. Hi vong la sau khi 
xem xong, cac ban se co cam giac la co vo so" dinh ly don bien. 

Chung ta bat dau bang mot so" dinh nghia trong khong gian R n . 
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Djnh nghTa 1: 

• Khong gian R n la tap hdp cac bo thuf ta x = (xi,x 2 , ...,x n ) vdi Xi e R,\/i. 

• Mot day {x m — (xi iTn , trong R n goi la hoi tu ve z = (zi, ...,z n ) e 

R n neu tbng day x^ m hoi tu ve z % khi m — > oo, Vi = 1, 2 , ...,n. 

• Cho D C R n . Mot ham so / : D —> R goi la lien tuc tren D neu: vdi moi 
day {x m } C D va vdi moi z e D sao cho {x m } hoi tu ve z, thi ta deu co: 
f(x m ) hoi tuve f(z). 

Djnh nghTa 2: Cho D c R n . Ta noi: 

• D dong neu vdi moi day {x m } C D va vdi moi z G R n sao cho {x m } hoi 
tu ve z, thi ta deu co z e D. 

• D bi chan neu ton tai sd" thiJc M sao cho: \/x = (xi,...,x n ) e D}, thi 

\ x i\ < M, Vi = 1, 2, 

VT du nhtf mot tap hdp hflu han thi dong va bi chan. 

Xuat phat diem cua chung ta la ket qua tuyet dep sau day: 

Djnh ly 1: Cho D dong va bi chan trong R n , va / : D —> R lien tuc. 
Thi / dat gia tri nhd nhat tren D, nghia la ton tai x 0 e D sao cho: 
f( x o) < f(x),Vx G R. 

Day la mot ket qua cd ban va co trong chrfdng trinh pho thong d cac 
nPdc, tuy nhien d nPdc ta thi no dddc xem la thuoc ”Toan cao cap”. Tuy 
nhien, de tien ldi cho ban doc chung toi d&n ra day mot chdng minh ma 
cac ban hoan toan co the hieu dddc vdi kien thufc pho thong. 

Chung toi nhac lai mot ket qua co trong SGK: ” moi day so" thrfc ddn 
dieu va bi chan thi hoi tu”. ’’Tien de” nay se diidc sd dung de chufng minh 
mot ket qua ve day con. 

Djnh nghTa 2: Cho 1 day so' {a m }™ =l (trong R hoac trong R n ). Mot day 
{a mk }kLi diidc goi la mot day con cua day {a m }™ =1 neu {rrik}kL i la mot day 
tang ngat cac so nguyen dicing. 

*VT du: {a2m}m=i & m 0t day con cua day {a m }™ =1 . Drfdi day cac can 
cua chi so se dddc bo qua neu khong gay hieu lam. 

Bo de 1: (Weierstrass) Mdi day a m bi chan trong R thi co 1 day con hoi tu. 

Chdng minh: 

Ta chdng minh co mot day con dc(n dieu la xong. 

Xet tap T := {m e Z + \3m' > m sao cho a m > > a m }. Neu T hdu han thi 


46 








Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


day {a m } se giam ke td 1 chi so - nao do. Neu T vo han thi ta se trich ddPc 
1 day con tang. Trong ca hai tnidng hdp thi ta luon co 1 day con ddn dieu. 

Bo de 2: (Weierstrass) M6i day a m bi chan trong R n thi co 1 day con hoi tu. 

Chdng minh: 

Xet {a m = (xi iTn , ...,x n ,m)} la mot day bi chan trong R n . Khi do day 
{xi,m} hi chan trong R nen co 1 day con {.ri. mjbi } hoi tu. Day {x% mk } 
cung bi chan trong R nen co 1 day con { X2,m k2 } hoi tu. Bang each lay 
’’day con cua day con” lien tiep nhrf vay, cuoi cung ta thu diiPc day con 
{ a mk — ma Vi = 1, 2,..., n, ta co day hoi tu trong R. 

Dieu do cung co nghia la day {a mk } hoi tu trong R n . 

Bo de 3: (Tinh day du cua R) Cho A la 1 tap bi chan trong R. Thi ton tai 
M e R sao cho: M < A (nghia la M < a, Va E A) va co 1 day {a^} trong A 
hoi tu ve M. Ta se ki hieu M = inf A. 

Chdng minh: 

Ta chutng minh rang Vs > 0, 3a e A, a — £ < A. Gia suf ngiidc lai. Khi 
do lay X\ e A tuy y, bang quy nap ta xay drfng drfPc day {x TO } trong A sao 
cho x m+ i < x m — e, Vm G Z + . Khi do ta co: x m < x\ — (m — l)s, Vm e Z + 
va dieu nay mau thuln vdi A bi chan drfdi. 

Nhtf vay, Vm e Z + , ton tai a m e A sao cho a m — A < A. Vi day {a m } bi 
chan nen co day con {a mk } hoi tu ve M trong R. Ta chdng minh M < A 
nda la xong. That vay, lay a e A bat ki thi a mk — A- < a, Vk e Z + , nen 
cho k —> oo suy ra M < a. 

Chdng minh djnh ly 1: Xet A = f(D). Ta chdng minh A co phan td 
nho nhat. 

Ta se chi ra A co tinh chat sau: neu day {a m } chda trong A va a m —> a 
thi a e A. That vay, theo dinh nghia ta co x m e D sao cho f(x m ) — a m —>• a. 
Vi day {x m } bi chan (chda trong D) nen co day con {x mk } hoi tu ve c trong 
R n . Vi D dong nen ceD. Vi f(x m ) —>• a nen Vi f(x mk ) —> a. Mat khac, 
vi {x mk } —>• c va / lien tuc nen f(x mk ) —> /(c). Vi gidi han la duy nhat 
nen /(c) = a. 

Bay gid, ta thay A bi chan drfdi (vi td lap luan tren vdi a = —oo ta se 
gap mau thuSn). Do do ton tai M = inf A. Do dinh nghia inf va tinh chat 
cua A vba chi ra d tren, suy ra M e A. Vay A co phan td nho nhat la M. 
Dinh ly chdng minh xong! 
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Dinh ly 1 la mot me* rong cua mot ket qua quen thuoc c6 trong SGK: 
”Cho [a, b] la 1 khoang dong trong R va f : [a, b\ —> R lien tuc, thi / co gia 
tri nho nhat tren [a, b]”. Do do, ve mat trrfc giac thi dinh ly 1 kha ro rang. 
Tuy nhien, co the cac ban se kho hinh dung la dinh ly nay thi lien quan 
gi den van de don bien? He qua sau day cua dinh ly 1 se la ”chia khoa” 
cho cac dinh ly don bien cua chung ta. Lrfu y rang tat ca cac ket qua trong 
muc nay khong can dieu kien / dot xdng. 

Djnh ly 2: Cho: 

• D la 1 tap dong, bi chan trong R n , va A la 1 tap con dong cua D. 

• T : D —> D la mot phep bien doi bat ki. 

• / : D —> R la mot ham so" lien tuc thoa man f(x ) > f(T(x)), \/x e D\ A. 

Thi ta co GTNN cua / dat dtidc tren A, nghia la: 

f(x) > min {f(y)},Wx e D\ A. 
ye A 

ChiJrig minh: 

Do dinh ly 1, ton tai x 0 G D sao cho /(To) < f(x),^x e D. Neu x 0 
khong thuoc A thi f(x 0 ) > f{T(x 0 )), mau thuln. Vay x Q e A va ta co dieu 
phai chdng minh. 

*Ghi chu: Ta thay phep bien doi T : D —>■ D nhifng thtfc ra trong dinh ly 
tren chi doi hoi tinh chat cua T tren D\ A. Do do vdi x e A thi T(x) co 
the lay gia tri tuy y va ta co the xem nhp T(x ) = x. Quy Pdc nay se dpdc 
sd dung trong phan con lai, nghia la T(x ) — x,Wx E A va ta chi quan tarn 
gia tri cua T tren D\ A. 

Day la mot he qua qua ddn gian phai khong cac ban, tuy nhien y ttfdng 
don bien cua no da lo ro. De minh hoa, chung toi dan ra day mot chufng 
minh cho BDT Cauchy. 

Bai toan 1: (BDT Cauchy) Cho n so thvfc khong am xi,...,x n . Cluing minh 
rang: 

Xi + ... + x n > nTjx\...x n 

Chiing minh: 

Bang each chuan hoa, ta co the gia sd xi...x n = 1 va chdng minh 
X\ + ... + x n > n. Tat nhien ta chi can xet khi Xi < n, Vi 

Xet: D = {x = (xi, ...,x n )\xi G [0, n], xi...x n = 1} thi d! thay D dong va 
bi chan. Xet A = {x 0 = (1,1,1,..., 1)}. 

Xet / : D —> R lien tuc nhif sau: vefi m6i x — (xi,...,x n ) G D 
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thi f(x) = x n > Xet T : D \A —> D nhtf sau: Vdi mdi x = 

(xi,...,x n ) G D\ A, thi ton tai Xi ± Xj va ta dat T(x) la bo thu drfdc tb 
x sau khi thay x, va Xj bdi trung binh nhan cua chung, khi do de thay 
/(x)-/(T(x)) t (v^-- v ^-) 2 > 

Vay ta co the ap dung dinh li 2 de suy ra f(x) > f(x 0 ), Vx G D , hdn nufa 
dau ” = ” chi xay ra khi x — x 0 . 

Trong nhieu trifdng hdp, co the ham / se khong du tot va ta se chi 
co co dieu kien fix) > f(T(x)). Tat nhien khi do ta khong the ap dung 
dinh ly 1. Mot doi hoi hdp ly la phep bien doi T phai du tot de bu lai (nhd 
la phep bien doi T la do ta chon). Dieu nay dtfa den: 

Djnh ly 3: Cho: 

• D la 1 tap dong, bi chan trong R n , va A la 1 tap con dong cua D. 

• T : D —> D la 1 phep bien doi sao cho ton tai mot ham so h lien tuc 
D —> R thoa man: h(T(x)) < h{x)$x e D\ A. 

• / : D —> R la mot ham s6 lien tuc thoa man f(x) > f(T(x))\/x e D. 

Thi ta co GTNN cua / tren D cung la GTNN cua / tren A, nghia la: 

f{x) > min {fiy)},Vx G D. 
ye A 

Mac du la trtfdng hdp rieng cua mot dinh ly tong quat hdn d cuoi bai, 
nhrfng vi tarn quan trong cua dinh ly nay nen chung toi vln d&n ra day 
mot chufng minh cho no. 

Chtfng minh: 

Lay y 0 G A sao cho /(t/o) = niin{/(y)}. Gia sd phan chdng rang ton tai 

ye A 

z G D sao cho /(z) < fiy 0 ). Tat nhien ta co the gia sd hfa) > 0,Vx G D 
(neu khong chi viec thay h bdi h' = h — M, vdi M la GTNN cua h tren D). 
Chon £ > 0 du nhd ta co: /(z) -fehiz) < /(t/o)- Dat <?(x) := fix) + ehix), 
Vx G D. Thi g : D —> R lien tuc, g{x) > giTix))\/x G D\ A va giz) < 

fiy o) < min{5r(y)}. Dieu nay mau thuan vdi dinh ly 2. 

ye a 

Sau day la mot he qua an ttfdng cua dinh ly 3. 

He qua 1: (SMV-Strongly Mixing Variables) Cho: 

• D G R n , D = {x — (xi, ...,x n )\xi > a,Y^Xi — ns = const} va s 0 := 
(s,s, ...,s) G D. 

• Phep bien doi T : D —> D nhd sau: vdi mdi phan td a = (cti, ..,a n ) G D, 
a ^2 S[li ta chon ra 2 chi so i ^ j nao do (tuy theo ham / ben dtfdi) sao cho 
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cii 7^ ctj, roi thay a t , a 3 bdi trung binh cong cua chung. 

• / : D —> R la ham so' lien tuc thoa man: /(a) > /(T(a)), Va <§ D. 

Khi do: /(a) > /(s 0 ),Va G D. 

Chuiig minh: Vdi phep bien doi T nhtf vay, ta chon h(x ) = Y^=i x h = 
(xi, ...,;r n ) G D. Ap dung dinh ly 3 (6 day A = {s 0 }). 

*Nhan xet: Thong thudng, trong ap dung ta se lay ctj la min va max cua 
{ai, ...,a n }. Khi do, co the chdng minh tb 1 phan tb bat ki cua D, sau vo 
han lan lap T se thu ditPc (s, s, s), va sb dung tinh lien tuc cua / ta cung 
thu difdc ket luan. 

Rieng trong tnidng hcip nay ( min va max ) thi khong nhat thiet thay 
ai, aj bdi trung binh cong ma co the tong quat hdn: 

He qua 2: Cho: 

• D e R n dong va bi chan. Goi A la tap hqp cac phan tb trong D co dang 
(s, s,s), va gia sb A khac rong. 

• Phep bien doi T : D —> D nhtf sau: vdi mdi phan tb a = (oq, a n ) e D\ A, 
ta chon ra 2 chi so" i ^ j sao cho a^, aj la min va max cua {ai, a n }, sau 
do thay ai, aj bdi a, (3 G (a*, aj). 

• / : D —> R la ham so lien tuc thoa man: f(a) > f(T(a)), Va G D. 

Khi do: 

f(x) > min{/(r/)},Vx G D. 
ye a 

Chtfng minh: Mot each tq nhien, ta hi vong vao ham 

h(a) = max{ai, ...,a n } — min{a\, ...,a n }, Va = (ai, ...,a„) G D 

Tuy nhien, ta khong co ngay h(a) > h(T(a)), Va G D\ A. Do la vi trong 
n so ai,...,a n co the co nhieu so bang nhau va bang max hay min cua 
{ai, ...,a n }. Nhiing ta chi viec thay T bdi T* = T n ( T k nghia la lap lai T 
vdi k lan) thi h(a) > h(T*(a)),\/a G D\ A va ta co the ap dung dinh ly 3. 

Tuy nhien, doi khi chi 1 phep bien doi T se khong du, vi du nhtf khi ta 
chtfa biet chinh xac la don bien ve bien hay ve tarn. Do do, dinh ly 3 dtfdc 
md rong thanh dinh ly don bien tong quat sau day. 

Djnh ly 4: (GMV — General Mixing Variables) Cho: 

• D la 1 tap dong, bi chan trong R n , va A la 1 tap con dong cua D. 

• Tj : D —> D la cac phep bien doi sao cho ton tai cac ham so hj lien tuc 
D —> R thoa man: h(Tj(x )) < hj(x),\/x G D\ A, Vj G {1, 
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• f : D —»■ R lien tuc thoa man f(x) > min {/(7j(x))}. Vx G D. 

je{i,...,k} 

Thi f(x) > min{/(y)},Vx G D. 

ye a 

Ta sh dung lai chutng minh cua dinh ly 3 cung vdi 1 cai tien nho. 

Chu’ng minh: 

Lay Vo £ A sao cho /(y 0 ) = min{/(y)}. Gia sb phan chbng rang ton tai 

ye A 

z G D sao cho f(z) < f(yo). Tat nhien ta co the gia set hj{x) > 0, \/x G 
D, \/j = 1, k. Chon £ > 0 du nho taco: f(z)+£hj(z) < f(yo), Vj = 1, k. 
Dat gj(x) := f(x) + ehj(x), \/x G D,\/j = 1, k. 

Dat g(x) — min{gi(x),gk(x)},Vx G D. Thi g : D —> R lien tuc, 
g(x) > g(T(x))Vx G D\ A va g(z) < f(y 0 ) < min{^(y)}. Dieu nay mau 

ye A 

thuSn vdi dinh ly 2. 

*Chi chu: Ta da sd dung ket qua la neu gj la cac ham lien tuc thi g = 
min{gi, ...,gk} cung la ham lien tuc. Tat nhien ta chi can chufng minh 
vdi k = 2, va trong tnfdng hdp nay thi chi can de y la min{gi, g^} = 
^(gi T g 2 — \gi — y/ 2 1)* Con svf kien g(x) > g(T(x)),Wx G D \A thi rat ro rang, 
vi neu Uj > Vj. Vj = 1 ,k thi min{ui, ...,Uk} > min{ui, ...,Uk}. 

Cac ban than men, tuy hinh thufc phat bieu ngan gon nhifng GMV 
co tarn ufng dung ciic ki rong rai. Cd mdi mot (hay mot vai) phep bien doi 
T thich hdp la ta lai cd mot dinh ly don bien mdi. Chung toi ket thuc muc 
nay bang mot he qua cua GMV, ma cd the xem la sii md rong cua SMV 
d He qua 2. Cung xin kfu y rang cac ket qua cd ten SMV va UMV d day 
tong quat hdn so vdi cac dinh ly cung ten ma chung toi da din ra ban dau. 

He qua 3: (UMV — Undefined Mixing Variables) Cho: 

• D C {x — (xi, ...,x n ) G R n \xi > 0,Vi = 1, D dong va bi chan. Goi 

A la tap hdp cac phan trif trong D cd t thanh phan bang 0 va n — t thanh 
phan bang nhau (t > 0). 

• 2 phep bien doi T 1; T 2 : D —> D nhrf sau: vdi mdi phan tb a = (ai, ..,a n ) G 

D\ A, chon ra 2 chi so i ^ j sao cho a* = min{a t > 0 ,t = va 

ctj = max{ai,a n }, sau do thay a t , cij bdi a, (3 G ( a i: aj) (dng vdi Ti) va 
a' < ^ < aj < (3' (dng vdi T 2 ). 

• / : D —> R lien tuc thoa man: f(a) > min{f(Ti(a)), f(Ti(a))}, Va G D. 

Thi 

f(x) > min {f(y)},\/x G D. 
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Chtfng minh: 

Chon hi (a) = max{ai ,..., a n } — min{ai ,..., a n } va h 2 (a) = —hi (a), 
Va = (ai,.... a„) e D. Tiidng tp nhii he qua 2, ta thay Ti bdi T-j* = T™ va 
T 2 * = TJ* de co: /q(a) > ^i(Ti*(a))> / 12 (a) > A 2 C /2 ( a ))> Va = (ai,..., a n ) e 22. 
Ap dung GMV ta co dieu phai chPng minh. 


9. Nhin lai. 

Cac ban than men, co le bay gid la luc tarn dPng de nhin lai hanh 
trinh vPa qua. Nhtf chung toi da noi trong $6, don bien da dqqc biet den th 
rat sdm thong qua ham loi va dan den cac ket qua tuyet dep. BDT Jensen 
co the xem nhtf mot tieu chuan de don bien ve tarn mot each toan cue. Ve 
cac ket qua nay, cac ban co the tim doc mot each rat day du trong cuon 
”Bat dang thufc” noi tieng cua 3 nha toan hoc Hardy — Polya — Littewood. 

Trong trifcfng hop 3 bien, co le quen thuoc nhat vdi ban doc la nhQng 
BDT liipng giac, chang han nhrf: 

sinA + sinB + sinC < (1) 

3 

cosA + cosB + cosC < - (2) 

vdi A, B,C la 3 canh 1 tarn giac. 

BDT (1) co the thu dope ngay bang each ap dung BDT Jensen cho ham 
loi. BDT (2) thi tinh te hon, ham f(x) = —cosx co f"{x ) = cosx nen chi 
loi tren [0,7t]. Do do ta khong the ap dung ngay BDT Jensen cho 3 bien 
A,B,C. Tuy nhien, ta co the gia sd A < B < C va khi do thi A,Be [0,7r] 
nen ta co the don 2 bien A, B ve bang nhau. Sau do bai toan chi con mot 
bien va trd nen don gian. 

Nhrf vay, tii Wdng don bien da dan lo ro. Thay vi mong muon co ngay 
mot each don bien toan cue, chung ta hi vong co the tdng bode don gian bai 
toan bang each giam dan so bien. Day chinh la tii Wdng chinh cua phqdng 
phap don bien. Trong triicing hdp 3 bien, sau khi thpc hien diidc dong tac 
don bien (bat ke la ve 2 bien bang nhau, hay don 1 bien ra bien, hay don 1 
bien ve gia tri trung binh) thi gan nhtf bai toan chi con 1 bien va xem nhrf 
giai quyet dc*n gian. Do do, phep don bien khong can tac dung vdi 2 bien 
bat ki ma co the tan dung thd tp sap diipc giQa cac bien neu BDT la dol 
xPng. 
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Cac ban than men, chung toi danh ra 3 muc de khao sat van de don 
bien cho BDT 3 bien cung chi la de cac ban nam dtfdc ttf ttfdng cua phtfdng 
phap, chd khong phai llet ke tat ca cac k! thuat can thiet. Chang han nhtf 
don bien trong BDT ltfdng giac vdi cac BDT tuyet dep cua Jackgarfulkel 
(xem phan bai tap) cung kha thu vi. Tuy nhien chung toi nghl rang trinh 
bay tat ca se nham chan va vo vi, vi mot khi nam dtfdc ttf ttfdng chinh thi 
cac ban co the ap dung trong vo van trtfdng hdp khac nhau. 

Doc xong phan BDT 3 bien, co le ban doc se co cam giac la hinh nhtf 
moi BDT deu co the chuyen ve trtfdng hdp 2 bien bang nhau hoac 1 bien 
dat gia tri tai bien. Phai noi rang dieu nay dung cho hau het cac BDT ma 
chung ta da gap. Tuy nhien, ngay sau day chung toi se cung cap cho cac 
ban mot vi du nam ngoai ’’thong le” do. Trong vi du nay, tham chi BDT 
dang xet la da thtfc doi xtfng thuan nhat 3 bien. Vi du nay lay ttf y ttfdng 
cua anh Bui Viet Anh. 

Bai toan 1 . Cho a,b,c> 0. Khi do BDT: 

(a 3 + b 3 + c 3 — 6 abc) 2 + ((a + b + c) 3 — 36a6c) 2 > 0 

chi xay ra dau ”=” trong trtfdng hdp (a, b, c ) = ( t , 2 1, 3 1), t> 0 (va cac hoan 
V °- 

Ban doc ttf kiem tra dieu do. 

Nhtf vay, cac ban co the yen tarn la phtfdng phap don bien co y nghla. 

Vdi bai toan 4 bien thi thong thtfdng chung ta phai thiic hien hdn 1 
lan dong tac don bien nen se phtfc tap hdn. Trong trtfdng hdp n bien tong 
quat thi viec don bien trd nen ctfc ki kho khan. Ngoai BDT Jensen cho 
phep don 1 luc ca n bien (nhtfng dang tiec, no chi giai quyet dtfdc 1 ltfdng 
kha nhd cac BDT) thi gan nhtf ta khong co cong cu nao khac. Trong trddng 
hdp nay, thong thtfdng quy nap cung la mot y hay. Chung toi ddn ra day 
mot vi du cho thay stf tinh te cua chufng minh quy nap trong BDT. 

Bai toan 2. (Pham Kim Hung) Cho n so thtfc dtfdng Gq, a 2 ,..., a n co tich 
bang 1. Chufng minh rang vdi moi k > 0 thi: 

(I^ + (T^ + ••• + (TT^ - ^ } 

Bai toan nay da dtfdc dtfa len Dien Dan Toan Hoc vdi ten goi la Thach 
Thtfc 1, va la mot bai rat kho. Tuy nhien, no se vo cung ddn gian neu ta 
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lam viec vdi bai toan tong quat hdn: 

”Cho n so thUc dUcfng a t , a 2 , a n co tick bang s > 1. Chifng minh rang vdi 
moi k > 0 thi: 

1 1 1 n ,, „ 

(l + o,)* + (i + o 2 )‘ + "• + (i + o„)‘ - mm{1 ’ 

Vdi bai toan tong quat hdn nay thi lai co the cluing minh bang quy nap. 
That vay, xet bai toan vdi n so, ta co the gia stif a n = min{ai, ...,a n }. Khi 
do ap dung gia thiet quy nap cho (n — 1) so ai,a 2 , ...,a n _i co tich > 1, ta 
dtfa dtfdc ngay bai toan ve 1 bien. Cong viec con lai chi la khao sat ham 
mot bien. 

Mot ki thuat khac de dtfa cac BDT n bien ve 1 bien la don bien ve 
gia tri trung binh trong $7. Nhii chung toi da chi ra, y ttfdng each don nay 
diia tren each don bien ve gia tri trung binh cho ham loi. Day la each don 
bien rat tot vi no co tinh hQu han. Tuy nhien, no chi ap dung dtfdc cho 
cac bai ctfc tri dat dtfdc tai tarn. 

Bay gid ta phai dol mat vdi kha nang ctfc tri dat tai ca tarn va bien. 
Ro rang kha nang don ve mot bien la khong cao. Do do chung ta hi vong 
vao dieu tot nhat la co mot each don bien toan cue, dai loai nhd BDT 
Jensen. Vdi muc tieu do, 2 dinh ly tuyet dep phai ke den la dinh ly SMV 
(don bien manh) va UMV (don bien khong xac dinh). Hai dinh ly nay co 
the noi la ”anh em song sinh”. SMV dung de ’’chuyen tri” cac BDT ctfc tri 
dat dtfdc tai tarn, trong do cai tien dang ke nhat la khong can don dtfdc 2 
bien bat ki ve bang nhau ma chi can don bien ldn nhat va bien nhd nhat. 
UMV thi doi hoi gia thiet dat len 2 bien bat ki, tuy nhien no cho phep ta 
dung hoa ca 2 trtfdng hdp ctfc tri dat dtfdc tai tarn va tai bien dtfdi mot dang 
tong quat. De cho hinh thde ddn gian, 2 dinh ly nay deu chi xet cho ham 
doi xdng. 

Chung toi da quan sat 2 ket qua tren va nhan thay stf khong can thiet 
cua viec tach rdi 2 trtfdng hdp, va da tim ra mot ket qua hoi tu day du tfu 
diem cua 2 dinh ly tren. Tuy nhien no chi la mot trtfdng hdp rieng cua He 
qua 3 trong $8. Dinh ly GMV khong chi ddn thuan la tong quat 2 dinh ly 
ke tren, ma no md ra mot chan trdi mdi vdi vo van cac kieu ddn bien . Mot 
dieu ki la la d day chi doi hoi: neu bo x — ( Xi,x 2 , ...,£„) chda rdi vao cac 
trtfdng hdp ”tdi han” (tdc la thuoc A), thi luon co the thay the bang 1 bo 
(la T(x)). Neu nhtf trong SMV (”co dien”), stf kien ddn 2 bien, ldn nhat va 
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nho nhat, ve bang nhau c6 the din den mot cam nhan ro rang la n bien 
se tien ve gia tri trung binh, thi trong trifcfng hop nay bo de day so khong 
con tac dung. Tuy nhien, ket qua vln dtiOc chi ra. 

Cac ban than men, cac ban da cung chung toi di tren mot hanh trinh, 
ma chung toi chon vi no tot nhat chfl khong phai la day du nhat. Co 
nhieu van de chung toi khong dtia ra, hoac khong trinh bay kl, vi chung 
toi khong coi trong sii day du. Cai ma chung toi coi trong la co" gang de cac 
ban thay dtfOc van de mot each nhanh chong, ro rang va hop ly. Hi vong 
vdi nhiing ttf tiidng ma chung toi da khoi goi cac ban se du cam hutng va 
kha nang de tiep btfdc tren con dtfdng sang tao. 

Cuoi cung, chung toi muon gufi ldi cam On dac biet tdi anh Phan Thanh 
Nam va anh Pham Kim Hung, nhifng ngrfdi da co rat nhieu ket qua va y 
ttfdng dtfOc su( dung. Chung toi cung xin chan thanh cam On tat ca tac gia 
cac bai toan, cac nguon trich dan, trong do co thay Pham Van Thuan — 
ngrfdi da cung cap cho chung toi mot tai lieu ve don bien co gia tri. 


10. Bai tap. 

Sau day la mot so" bai tap danh cho ban doc. Hi vong cac ban se tim 
difOc nhieu niem vui khi thrf she vdi chung. (ghi chu: 0 bai de, $ bai trung 
binh, 5 bai kho, V bai cUc kho) 

0 Bai tap 1 : (Asian Pacific Math.2004) Gia sh a, 6, c la cac so drfOng tuy y. 
Chhng minh BDT 

(a 2 + 2) ( b 2 + 2) (c 2 + 2) > 9 (ab + bc+ ca) 

0 Bai tap 2: (MOSP 2001) Chifng minh rang neu a , 6, c la cac so difOng co 
rich bang 1 thi ta co BDT 

(a + b)(b + c)(c + a) > 4(a + b + c— 1) 

0 Bai tap 3: Cho a, b, c khong am thoa man a 2 + b 2 + c 2 = 3. Chufng minh 
rang 

a + b+ c> a 2 b 2 + b 2 c 2 + c 2 a 2 
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0 Bai tap 4: (Huynh Tan Chau) Cho x,y,z>Ovax + y + z = l.Chufng 
minh rang: 

x 3 + y 3 + z 3 + Qxyz > - 

© Bai tap 5: Chring minh rang neu x,y,z la cac so thilc khong am thoa 
man dieu kien x 2 + y 2 + z 2 — 3 thi ta co BDT: 

7 (xy + yz + zx) < 12 + 9 xyz 

$ Bai tap 6: (Chon doi tuyen Viet Nam 1996) Cho a, 6, c la cac so thvfc bat 
ki, cluing minh rang: 

F(a, b, c) = (a + 6) 4 + (b + c) 4 + (c + a) 4 — - (a 4 + 6 4 -)-c 4 ) > 0 

$ Bai tap 7: (Pham Van Thuan—Zhao Bin). Gia sd x,y,z la ba so" thrfc 
khong am nhiing chi co nhieu nhat mot so" bang 0. Cluing minh rang 

1 1 1 > 20 

x 3 + y 3 + y 3 + z 3 + z 3 + x 3 ~ (a + b+ c ) 3 

$ Bai tap 8 (Pham Kim Hung). Cluing minh rang vdi moi so" thrfc a, b, c 
khong am ta luon co BDT: 

1 ^ i ^ 1 > 4 

\/ 4a 2 + be y/ 4 b 2 + ca \J 4c 2 + ab a + b + c 

$ Bai tap 9: (Murray Klamkin) Cluing minh rang vdi cac so" thrfc khong 
am a, b , c co tong bang 2, thi 

(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) <3 

5 Bai tap 10: (Tong quat RM02000) Cho a, b, c > 0 va a + b + c— 3. Tim 
hang so" k > 0 nho nhat sao cho BDT sau luon dung: 

a k + b k + c k > ab + be + ca 


H Bai tap 11: (Trung Quoc 2005) Cho a,b,c > 0 va ab + bc + ca = 1/3. 
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Chufng minh rang: 

1 1 1 
a 2 — be + 1 b 2 — ca + 1 c 2 — ab + 1 — 

S Bai tap 12: (mathlinks) Cho a, b, c > 0 va ab + bc+ ca = 1. Chufng minh 
rang: 

1 + a 2 b 2 1 + b 2 c 2 1 + c 2 a 2 ^ 5 
(a + b) 2 + (b + c) 2 + (c + a) 2 “ 2 

S Bai toan 13 Cho a,b,ce \p, q] vefi 0 < p < q. Tim gia tri lefn nhat cua: 

a + b + c 
b + c c + a a + b 


Bai toan 14.(Jackgarfulkel) Cho tarn giac nhon ABC. Chufng minh rang: 
$ a) 


$ b) 


. A . B . C 4,„ . A . B . C\ 

sm— + sm—^iSin— > -(1 + sin—sin—sm—) 
A A A o AAA 


A B C 4 . ABC. 

cos-b cos-b cos— > —=(1 + cos—cos—cos—) 

2 2 2 “ yT 2 2 2 ' 


$ Bai toan 15.(Jackgarfulkel) Cho tarn giac ABC. Chhng minh rang: 

,A-B X .B — C. ,C-A S 2 
cosy - + cost-) + cos(-) > —=(smA + smB + smC) 

v 2 ’ v 2 ’ K 2 J ~ yT 

S Bai toan 16 (Phan Thanh Nam) Cho ba s6 thufc x, y, z khong am co tong 
bang 1. Chufng minh rang 


/x+ y 2 + y/y + z 2 + VzAx 2 >2 


5 Bai tap 17 (Vasile Cirtoaje) Xet ba so thiic khong am a,b,c thoa dieu 
kien a 2 + b 2 + c 2 = 1. Chufng minh rang: 

1 1 1 < 9 

1 — ab 1 — be 1 — ca ~ 2 


57 



Tim tai lieu Todn ? Chuyen nhd - 


v.toanmath.com 


5 Bai tap 18: (Phan Thanh Nam) Cho a,b,c> Ova thoa man a + b + c= 1. 
Gating minh rang: 
a) (VMEOl) 


(6-c) 2 


(c-a) 2 


(a -by 


< V3 


b) _ _ / _ 

y/a + k(b — c) 2 + yja + k{b — c) 2 + k(b — c) 2 < \/3 

Trong do k = 1 - ^ 

S Bai toan 19 (Phan Thanh Viet) Cho tarn giac ABC co do dai 3 canh la 
BC — a, CA = b, AB = c . Goi p la ntia chu vi cua tarn giac va m a , m &, m c 
la do dai ba difdng trung tuyen tifcfng ting ha tif A, B, C xuoiag cac canh dot 
dien. Gating minh rang: 


tTia + mb + m c < ^p 2 + l -[{a-b) 2 + {p-c) 2 + {c-a) 2 ) 

Bai tap 20: (Phan Thanh Nam) Cho x,y,z e [—1,1] va x + y + z = 0. 
Gating minh rang 
S a) 

\/1 + x + y 2 + \/l + y + z 2 + Vl + z + x 2 > 3 

'P b) 

\Ji + x + ^y 2 + \j l +y + \ z2 + \j l + z + \ x2 - 3 

$ Bai tap 21 (Pham Kim Hung) Cho x,y,z,t > Ova x + y + z + t = 4. 
Gating minh rang: 

(1 + 3x)(l + 3y)(l + 3z)(l + 3 t) < 125 + 131 xyzt 
$ Bai tap 22 (Bat dang thtic Tukervici) Vtii moi so thvfc dafcing a, b, c, d thi 
a 4 + b A + c 4 + ti 4 + 2 abed > a 2 b 2 + b 2 c 2 + c 2 d 2 + d 2 a 2 + a 2 c 2 + b 2 d 2 
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$ Bai tap 23 (Pham Van Thuan— Nguyln Anh Tuan) Xet 4 so thufc a, b, c, d 
thoa man a 2 + b 2 + c 2 + d 2 = 1. Chufng minh rang 

1 1 1 1 1 1 <8 

1 — ab 1 — be 1 — cd 1 — da 1 — db 1 — ca ~ 

S Bai tap 24 (Pham Kim Hung) Cho cac so" thiic khong am a, b , c, d, k c6 
tong bang 4. Chufng minh rang 

(■ abc) k + ( bcd) k + (cda) fe + ( dab) k < max{ 4, (-) 3fc ) 

5 Bai tap 25 (Phan Thanh Nam) 

Cho cac so thiic x, y, z, t thoa: max{xy, yz, zt, tx} > 1. Chufng minh rang 
\fl-xy + y 2 + a/1 - yz + z 2 + \/\ - zt + t 2 A: Vl - /.r — x 2 

> y/l6 + (x — y + z — t) 2 


Bai tap 26 (Phan Thanh Nam) Cho cac so thufc x,y,z,t e [—1,1] thoa 
man x + y + z + t= 0. Chufng minh rang 

a/ 1 + x + y 2 + \/l + y + z 2 + V1 + 2 + t 2 + vT +t + x 2 > 4 

(*Ghi chu: Bai nay xuat phat tuf trufdng hdp ba so" trong bai 20a, di nhien 
se kho hdn rat nhieu. BDT tifOng tuf vefi 5 so" khong con dung nufa) 

$ Bai tap 27 (Vasile Cirtoaje) Chdng minh rang neu ai,a 2 ,...,a n khong 
am va co tong bang n thi 


(n — l)(al + a\ + ... + a^) + naia 2 ...a n > n 2 

S Bai tap 28: (Pham Kim Hung) Gia suf ai,a 2 , ...,a n la cac so" thiic khong 
am co tong bang n. Tim gtnn cua bieu thufc 

S = a^ + a ,2 + ... + at + aia 2 ...a n (-1-f ... 4-) 

ai a 2 a n 
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S bai tap 29 Tim hang so" difdng k m tot nhat de BDT sau luon dung vdi 
moi day so thvfc khong am Xi,X 2 , co tong bang n 

(1 + mx i)(l + mx 2 )...( 1 + mx n ) < (m + l) n + k m {xiX 2 --.x n — 1) 

trong do m la hang so duong bat ki. 

Bai toan 30 (Phan Thanh Viet) Cho ai,a 2 , ...,a n ,s,k la cac so thvfc ditdng 
thoa man: aia 2 ...a n = s n va n — 1 = Xet BDT: 

1 1 1 

(1 + a\) k + (1 + a 2 ) k + + (1 + a n ) k ~ n 

0 a) Chufng minh rang BDT tren noi chung khong dung. 

$ h) (VMO 1999) Chhng minh BDT tren dung trong trrfdng hdp k — 1. 

T c) Tim tat ca cac gia tri k (tuy thuoc n) de BDT tren dung. 
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